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1.0 INTRODUCTION, LITERATURE REVIEW, AND OBJEC- 
TIVES 
1.1 Introduction 
The biggest aerospace structures revolution of the past 30 years has been in the area of 
composites materials. Composite materials in their most general interpretation consist of a 
reinforcing phase in a second, usually softer phase. For the present work, composites will 
be assumed to consist of a continuous fiber reinforcement embedded in a polymeric matrix. 
Fiber-reinforced polymer composites have gained great popularity because of their high 
specific strength and the ability to manufacture composite structures with curved surfaces 
as easily as structures with flat surfaces. 
One of the major concerns when designing composites structures is the prediction of 
compressive strength. The compressive strength of a composite component includes the 
structural buckling strength, post-buckling strength, and also the actual compressive 
strength of the material from which the component is made. The present work will prima- 
rily discuss the compressive failure modes and mechanisms of the material, specifically an- 
gle-ply laminates. 
Laminated composites consist of multiple layers, or plies, of fibers. In each layer the 
fibers are embedded in a matrix. The matrix is usually assumed to be isotropic, although 
some anisotropy can be inferred from data. The fibers are usually assumed to be orthotropic 
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in nature, however, that may not be true if they are not circular, or do not have constant 
cross-sectional composition. Also, although a perfect laminate can be hypothesized and 
subsequently analyzed, it is difficult to actually find a perfect laminate in practice. There 
are always some misaligned or broken fibers, and some variation in the matrix. Between 
fiber layers there may be small matrix-rich zones. These matrix-rich zones may not be of 
uniform thickness, nor would they occur the same way in all layers. In this context then, a 
composite laminate can be considered to consist of a number of layers of slightly mis-  
aligned fibers, the layers not necessarily being a uniform distance apart, joined together by 
thin layers of matrix. The lack of uniformity within the laminate is thought to control com- 
pressive strength, and to contribute to the difficulty in analyzing composites for their com- 
pressive response. This is a particularly vexing concern because it is impossible to design 
composite structures without accurately knowing the compressive strength of the material. 
Hence, the understanding of compressive failure of composite laminates is of major con- 
cern as regards to the future use of composite materials. 
In the following section some of the more recent research on the subject of compression 
of laminates will be discussed, including work dealing with analysis, modes and mecha- 
nisms of failure, and compression testing. By no means will this review be exhaustive. 
Rather, it is intended to provide a flavor of past efforts. The section following that will 
present the scope and objectives of the present work. Some of the overlying concerns, as- 
sumptions, and decisions involving this work will be discussed. This chapter ends with a 
preview of the chapters which follow. 
1.2 Literature Review 
Because laminate compressive failure is a major concern, researchers have studied it 
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quite intensely for the last 20 years. Reviewing some of the important papers: Dow and 
Grundfest' suggested that compressive failure might be the result of fibers buckling within 
the matrix. Rosen2 developed a model for orthotropic laminates that concentrated on ply- 
level instability and predicted compressive strength due to fiber buckling. The values pre- 
dicted by Rosen, however, are considerably higher than experimental values. G r e s z c z ~ k ~ ~ ~  
investigated the role that the constituents of a laminate have in determining compressive 
strength. Evans and Adle?, Maewa16, and Hahn and Williams7 examined fiber kinking 
mechanisms for compression-loaded laminates. Suarez, Whiteside and Hadcock8, in an ex- 
cellent report, discuss outer-ply instability for compression-loaded anisotropic laminates, 
initial waviness of outer plies, and shearing failure mechanisms of angle-ply laminates. In 
other work, Hawthorne and Teghtsoonian' suggest that fiber compression failure changes 
from a shear to a microbuckling or kinking mode with increasing fiber anisotropy. Piggot" 
postulates that a number of mechanisms may cause laminate compressive failure. The op- 
erative failure mechanism in a particular situation is the one that gives the lowest failure 
stress. Piggot also gave suggestions on how to obtain good laminate compressive modulus 
and strength. Sinclair and Chamisll suggest that the failure mode for unidirectional AS/ 
PR288 graphite-epoxy specimens is delamination controlled by interlaminar shear, and the 
failure modes for unidirectional T300/5208 specimens are fiber compression, flexure or 
delamination, and Euler buckling for low, medium, and high strength specimens, respec- 
tively. Yeh and Teply12 suggest that predicting compressive strength based on fiber mi- 
crobuckling is suitable for composites with a very high axial shear modulus, but for 
composites with fibers that have very low axial shear modulus the compressive behavior is 
dominated by local shear failure. They also suggest that for more accurate results the non- 
linear shear deformation of the matrix should be considered, and that local fiber misalign- 
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ment plays a very important role in determining compressive strength. Gurdal and Haftka13 
assume laminate compressive failure is due to a strength failure rather than the microbuck- 
ling instability of fibers. In their theory high bending stresses are developed at the re- 
strained ends of a misaligned fiber due to side loads. As a result, these high stresses cause 
fiber breakage. Reifsnider and Mirzadeh14, in their tests of Celion 3000/PMR15 woven 
composite panels, identify the mode of compressive failure as fiber kinking, with strength 
affected by matrix cracking, weave geometry, and specimen surface. Gurdal and Star- 
buck15 suggest that some problems in compressive failure experiments may be resolved by 
a better compression test fixture. They developed and used an end-loaded fixture which is 
claimed to allow for longer test specimens, ease specimen alignment problems, and reduce 
stress concentrations. Odom and AdamsI6 postulate that the occurrence of a particular fail- 
ure mode may depend heavily on test fixture geometry, type of loading, tabbing, etc. High- 
smith, Davis, and Helms17 conducted an analysis of T650-42Radel C. They measured 
wavy fibers with wavelengths between 0.075 to 0.090 in. and amplitudes between 0.00207 
to 0.0037 in. A single imperfection ratio was used to describe the amount of waviness in a 
laminate. Their model included nonlinear matrix behavior but appeared to over-predict 
compressive strength. Kumar and Helminiak18 state that for higher strength carbon and 
glass fibers, their full compressive strength is not being realized and that factors such as ma- 
trix, interface, fiber modulus, and fiber geometry affect laminate strength. In the case of 
lower compressive strength carbon fibers and all polymeric fibers, the composite compres- 
sive strength is limited by the fibers themselves. Schoeppner and Sierakowski19 reviewed 
about 17 different compression test fixtures and methods and found that some gave widely 
varying results. However, Adams and Odom2' conducted a comparison of three different 
shear-loaded compression test fixtures and found that if proper procedures were followed, 
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equivalent results for strength and modulus could be obtained. 
Shuart21*22 conducted an analytical and experimental investigation of angle-ply com- 
posite laminates, the analysis focusing on the ply level. A generalized theory was derived 
that would predict a laminate's compressive strength and failure mode. A composite spec- 
imen was modeled as an array of parallel fiber-reinforced plates connected through elastic 
foundations. Compression loads were applied through end shortening of the array of plates. 
Critical buckling loads and wavelengths were determined from a linear short-wavelength 
buckling analysis. A geometrically nonlinear analysis was then developed which used the 
critical short-wavelength to model initial out-of-plane waviness of the fiber-reinforced 
plates. An out-of-plane waviness amplitude of one-half ply thickness was assumed. Failure 
modes included fiber scissoring, interlaminar shearing, matrix compression, and inplane 
matrix shearing. A short-block compression test fixture was used to test [ (*e) /(re) 1 bS 
angle-ply specimens made of AS413502 graphite-epoxy. Shuart tested 28 specimens with 
8 ranging from Oo to 90'. The theory showed good correlation with test results for 8 less 
than 45' and excellent correlation for 8 greater than 45'. Shuart discussed the need for ad- 
ditional experimental verification of the theory and exploration of the effects of the com- 
pression test method on compressive strength and failure modes. 
In summary: Compression failure analyses have primarily concentrated on short-wave- 
length or micro-buckling theories for unidirectional laminates, and on failures due to both 
inplane and interlaminar shear. Before Shuart's study short-wavelength buckling for mul- 
tidirectional laminates had received little attention. The importance of including initial im- 
perfections and quantifying them has been recognized. Also, it has been recognized that 
compression test methods and fixturing may play a significant role in compressive failure 
mechanisms. 
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1.3 Objectives and Scope of Work 
Since angle-ply laminates constitute an important and practical class of laminates, the 
present work will focus on the compression failure of angle-ply laminates. The primary ob- 
jectives of this work were to: 
1. Study through experiments and through analysis the compression failure of angle- 
ply IM7/855 1 -7a laminates; 
2. Enlarge upon the linear and nonlinear theories of Shuart2'y22 to develop more com- 
prehensive methods for predicting compressive strength; 
3. Compare the results obtained for IM7/855 1 -7a with the results for AS4/3502 as re- 
corded in reference 22. 
The first and third objectives were aimed at contributing to the overall understanding 
of compression failure mechanisms, and also adding to the data-base on a contemporary 
toughened-matrix material. In particular, 42 IM7/8551-7a specimens with a lay-up of 
(*e) 1 (re) 1 6s, 0" I 8 I go", were tested to failure using a short-block compression fix- 
ture similar to that used in reference 22. Recorded were the failure stresses, the failure 
strains, the elastic properties, and the failure modes. These results were studied within their 
own context, and also in comparison with Shuart's work with AS4/3502. Comparisons be- 
tween AS4/3502 and IM7/8551-7a are of value in understanding the modes and mecha- 
nisms of failure, and how they depend on material system. 
The second objective was aimed at extending the interpretation and capabilities of the 
analytical work. In particular, the influence of imperfection wavelengths not associated 
with the short-wavelength buckling modes of the layers, as well as those that are associated 
with short-wavelength buckling of layers, were studied. An example of layer waviness not 
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associated with short-wavelength buckling of layers is that associated with manufacturing 
processes. Additional failure modes such as fiber compression and inplane transverse ten- 
sion were also considered. The nonlinear theory and the associated computer program were 
modified to allow the imperfection amplitude to vary on a layer by layer basis, rather than 
every layer having the same imperfection amplitude. Other performance enhancements to 
the computer programs associated with the previous work were also pursued. 
The next chapter begins by reviewing and discussing several types of compression test 
fixtures. This discussion will possibly provide insight as to why discrepancies exist be- 
tween test results from various test furtures. After that discussion the results from testing 
the angle-ply IM7/8551-7a specimens will be presented. Details of the failure modes as a 
function of off-axis angle 8, elastic properties, failure stresses, failure strains, and other in- 
formation relevant to failure will be presented. A comparison between the observed failure 
strengths and the prediction of classical lamination theory coupled with the maximum 
stress failure criterion then follows. It is shown that there are large discrepancies, particu- 
larly at low off-axis angles, between the classical predictions and the experimental results. 
Several reasons for the discrepancies are postulated, with layer waviness being considered 
as having the most effect. As the work of references 21 and 22 resulted in the implementa- 
tion of a nonlinear theory that considered the influence of wavy layers, that theory is chosen 
as a basis for explaining the discrepancies between observed results and classical theory. 
As implied above, that theory is used as it was in reference 21 and 22, but the theory is also 
enlarged upon and re-interpreted in the present study. 
Chapter 3 provides an overview of the theory underlying the linear and nonlinear anal- 
yses. Chapter 4 explains the modifications and additions to the theory and computer pro- 
grams, and discusses the post-processors written to extract more information from the 
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analytical results. 
Chapter 5 is a rather lengthy chapter in that the modified analysis is used to comprehen- 
sively explore the influence of layer waviness on compressive strength. Critical half-wave- 
lengths, in the sense of short-wavelength ply-buckling and half-wavelengths associated 
with manufacturing anomalies, are considered as wave lengths, along with a variety of 
wave amplitudes. The maximum strength criterion, in conjunction with the nonlinear the- 
ory, is used to predict compressive strength as a function of off-axis angle, wave length, 
and wave amplitude. In addition to examining the inplane stresses in the context of that cri- 
terion, interlaminar shear strains induced because of waviness are compared with allowable 
values. Hence the modes of failure observed in the experiments can be compared with the 
modes of failure predicted by the nonlinear theory. To add another dimension, predictions 
and experimental results for AS4/3502 laminates are discussed in parallel with the results 
of IM7/8551-7a laminates. Differences and similarities in the predictions due to the mate- 
rial systems are examined. Finally, in chapter 5 the influence of just some of the layers be- 
ing wavy is examined. This provides an informative extension to the preceding work. 
Chapter 5 ends with a summary which describes the influence of waviness in terms of 
strength retention, that is, compressive strengths predicted by the nonlinear theory com- 
pared to strengths predicted by classical lamination theory. 
Chapter 6 summarizes the work, and presents conclusions and recommendations for fu- 
ture work. 
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2.0 TESTING OF IM7/8551-7a SPECIMENS 
2.1 Discussion of Compression Test Methods and Fixtures 
Three basic types of compression-test fixtures are currently popular. As noted in the 
previous literature review, there can be large differences between experimental results 
when testing similar specimens in each of the three types of fixtures. For completeness and 
to aid in later discussions, the three approaches to compression testing are briefly discussed. 
2.1.1 Shear-Loaded Fixtures 
Shear-loaded compression test fixtures are the most widely used type. A representation 
of the essential components of such a fixture is shown in figure 2.1. Figure 2.1 is based on 
the well-known IITRI test fixture23. The specimen to be tested is tabbed as shown and then 
gripped between two sets of jaws. The jaws apply a compressive load to the specimen by 
shear, through the tabbing. The specimen region between the tabbing is called the test sec- 
tion. Depending on the type of test and thickness of the specimen, the test section can vary 
from 0.1 to 1 in. in length. If the test section is shorter than or close to the critical half-wave- 
length of the specimen material, the fixture will restrain the specimen from failing in the 
short-wavelength buckling mode. If there is waviness in the specimen, then the influence 
of such imperfections may also be restrained by the fixture, the fixture causing the material 
to behave differently than it would in a structural component. 
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L test section 
Figure 2.1 Shear-loaded compression test fixture. 
t 
Figure 2.2 Sandwich-beam compression test. 
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2.1.2 Sandwich-Beam Test Fixtures 
Sandwich-beam tests24 are probably the most controversial, and also give the highest 
strength measurements. A representation of a sandwich specimen loaded in four-point 
bending is shown in figure 2.2. Ideally the region indicated in figure 2.2 as the test section 
should be in pure compression. One side of the laminate to be tested is bonded to the sand- 
wich core material, most likely honeycomb. Unfortunately this sandwich material also acts 
like an elastic foundation, providing support to the laminate and reducing the effects of 
short-wavelength buckling and initial imperfections. This is why sandwich-beam tests give 
extremely high results. 
2.1.3 End-loaded Test Fixtures 
A typical end-loaded fixture is shown in figure 2.3. Here the compressive load is ap- 
plied through the two parallel plates at the ends of the specimen. Great care must be taken 
to ensure that the ends of the specimen are machined flat and parallel, or premature failure 
at the end will result. If the specimen is not thick enough or short enough global (Euler) 
buckling may occur. Certain end-loaded fixtures lightly clamp the ends of the specimen in 
place to prevent end brooming, although some researchers feel the clamping action causes 
premature failure due to other end effects. Because this type of fixture does not seem to re- 
strain the specimen from short-wavelength buckling types of failures, it was chosen for the 
present work. 
2.2 Compression Test Results 
Forty-two angle-ply IM7/8551-7a specimens with a lay-up of [ (&e) / (re) ] 6s were 
tested in compression. The range of 0 that was tested included: Oo, 5', loo, 15', 20°, 30°, 
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I 
section 
sliding blocks for clamping specimen 
Figure 2.3 End-loaded compression test fixture. 
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45', 60°, 70°, 75', 80°, 8 5 O ,  and 90°. The following sections describe the specimens and 
testing set-up in more detail. 
2.2.1 Specimen Geometry and Strain Gage Set-up 
Seven 6 in. by 7 in. panels with lay-ups of Oo, 5", lo", 15", 20°, 30°, 45" were fabricated 
and cured at the NASA Langley Research Center. Six specimens were cut from each panel. 
A sketch of a typical panel is shown in figure 2.4. For example, if a panel had a lay-up of 
[ (+5) / ( 7 5 )  3 6s, then three specimens (such as 1,2,3 in figure 2.4) would be cut parallel 
to the 0' direction and three specimens (such as 4, 5 ,6 )  would be cut parallel to the 90° 
direction. Therefore the lay-up for the second three specimens would 
be [ (785 )  / (+85 ) ]  6s. For convenience, all laminates will be referred to as 
[ (+e) / (re) 3 6s laminates. As can be inferred, there are three replicate specimens for a 
given 8, except for 8 = 45', for which there are six. More will be said of these six specimens 
later. 
Through use of an acid digestion test the average fiber volume fraction of the panels 
was determined to be 53.9%. The acid digestion test may have consumed a small amount 
of fiber also, so a nominal fiber volume fraction of 55% will be assumed. 
The test specimens were nominally 1.75 in. long, 1.5 in. wide, and 48 plies thick. A mi- 
crometer was used to accurately measure specimen dimensions. The average length, width, 
and thickness, respectively, were 1.754 in., 1.505 in., and 0.275 in. The average thickness 
of each ply was thus taken to be 0.00573 in. Each specimen had five strain gages attached 
to it, with two pairs of the gages affixed to the front and back of the specimen as shown in 
figure 2.5. These gages measured axial strains. The four gages could also be used to mon- 
itor side-to-side and through-the-thickness bending of the specimen. The fifth strain gage 
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0' direction 
7.0 in. 
+- 
1.75 in. 
3 
4 
5 6 
6.0 in. 
Figure 2.4 Panel configuration that specimens were cut from. 
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Figure 2.5 Short-block compression test fixture. 
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was mounted in the transverse direction of the load. A DCDT (direct current displacement 
transducer) was also used to measure the change in length of the specimen. 
2.2.2 Test Fixture 
The short-block compression test fixture used is shown in figure 2.5. This fixture is sim- 
ilar to the one used in reference 22 except that here the specimen ends are held in place, in 
the thickness direction of the specimen, with plates that can be secured with Allen screws. 
In addition, another smaller set of Allen screws were used to position these plates. A 10' 
specimen had a faulty strain gage and was tested at a later date. At the later time the fixture 
of figure 2.5 was not available so a slightly different22 fixture was used. These two fixtures 
are simple to use and have been used successfully for previous material characterization 
studies. 
2.2.3 Test Data 
The output from the four strain gages in the load direction were combined to give an 
average strain. Normalized load vs. average axial strain, as measured by the strain gages, 
transverse strain as measured by the strain gage, and the axial strain as measured by the 
DCDT are plotted for each specimen tested. The specimen numbers in each of the follow- 
ing figures correspond to the order of the specimen's results listed in the table to follow. 
Figures 2.6 through 2.9 are for off-axis angles of 0' to 15'. In this range of 8 the axial 
strains to failure are close to being linear. The axial strains as measured by the DCDT show 
the same slope as the strains measured with gages, but are offset by varying amounts at low 
loads. The axial strains as measured by the DCDT show this same trend throughout all of 
the tests. However, this trend is not as noticeable in the softer specimens. Note that for con- 
venience the negative of the transverse strain has been plotted. 
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0.006 
0.005 
0.004 
0.003 
P 
E A  
x nom 
-
0.002 
0.001 
0 
0.0000 0.001 5 0.0030 0.0045 0.0060 0.0075 
Strain 
Figure 2.6 Experimental results for the 0' specimens. 
P - 
E A  
x nom 
0.0000 0.0020 0.0040 0.0060 0.0080 0.01 00 
Strain 
Figure 2.7 Experimental results for the 5' specimens. 
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P 
E A  
x nom 
0.000 0.002 0.004 0.006 0.008 0.010 
Strain 
Figure 2.8 
P 
E A  
x nom 
Experimental results for the 10" specimens. 
0.000 0.002 0.004 0.006 0.008 0.010 
Strain 
Figure 2.9 Experimental results for the 15" specimens. 
TESTING OF IM7/8551-70 SPECIMENS 18 
COMPRESSION FAILURE OF ANGLE-PLY LAMINATES 
Figures 2.10 and 2.1 1 are for the 20" and 30" specimens. Here the axial and DCDT- 
measured strains are, for the most part, linear to failure. However the transverse strains are 
beginning to become nonlinear, especially at higher loads. Figures 2.12 through 2.14 are 
for the 45" and 60" specimens. Here all strains are nonlinear to failure. For the 45" speci- 
mens a definite 'knee' can be seen in all the strains, before and after which, the strains are 
quite linear. In these figures it can be seen that the strain gages reached their maximum ca- 
pability at about 0.037 in./in., as indicated by vertical lines in the plots. The specimens in 
this range showed extremely high strains to failure, probably due to irreversible stiffness 
changes in the specimens. Figures 2.15 through 2.19 are for 70' to 90' specimens. The 
transverse strains are quite small, and show nonlinearity at loads close to failure. The slight- 
ly nonlinear axial strains as measured by the gages and as measured by the DCDT closely 
correspond to each other. Some of the strain gages have reached their maximum limits, in- 
dicating high strains. 
Table 2.1 tabulates failure stresses, failure strains, Young's modulus, and Poisson's ra- 
tio for each specimen. Stresses are tabulated as load divided by the nominal area, Anom. As 
discussed above, the load-strain relations for some specimens with larger off-axis angles 
are quite nonlinear. Hence a least-squares fit over the first one-fifth of the data for each 
specimen is used to obtain the Young's modulus for that specimen. Because of erratic trans- 
verse strain gage readings at very low loads and at loads close to failure, Poisson's ratio is 
calculated at a point near 40% of the failure load for each specimen. Figures 2.20, 2.21, 
2.22, and 2.23 display some of the data in Table 2.1 graphically. Figure 2.20 shows the re- 
lationship between compression strength and off-axis angle. The average of the three rep- 
licate tests, as well as the individual data, are shown. As can be seen in figure 2.20, the 
strength is a monotonically decreasing function of off-axis angle. Between 8 = 0' and 8 = 
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P 
E A  
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0.000 0.002 0.004 0.006 0.008 0.010 
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Figure 2.10 Experimental results for the 20" specimens. 
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- - 9- - transverse strain (3) 
0 0.003 0.006 0.009 0.012 0.015 
Strain 
Figure 2.1 1 Experimental results for the 30" specimens. 
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Figure 2.12 Experimental results for the first three 45" specimens. 
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Figure 2.13 Experimental results for the last three 45' specimens. 
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Figure 2.14 Experimental results for the 60" specimens. 
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Figure 2.15 
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Experimental results for the 70" specimens. 
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0 0.008 0.016 0.024 0.032 0.04 0.048 
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Figure 2.16 Experimental results for the 75" specimens. 
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Figure 2.17 
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Experimental results for the 80" specimens. 
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Figure 2.18 Experimental results for the 85" specimens. 
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Figure 2.19 Experimental results for the 90" specimens. 
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Figure 2.20 Failure loads as a function of off-axis angle. 
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Figure 2.21 Failure strains as a function of off-axis angle. 
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15' the strength decreases about 15%. Between 8 = 15' and 8 = 45' the strength decrease 
is more rapid. For 8 > 45' strength is essentially independent of 8. Figure 2.21 illustrates 
the relationship between the axial strain at failure and off-axis angle. The failure strains 
were so large in the range 45' I 8 575' that the strain gages stopped functioning. This was 
discussed earlier when the experimental strain vs. load data were illustrated. As a result, the 
DCDT data were used to compute failure strains for the higher off-axis angles. These data 
points are adjusted to account for the fact that the DCDT did not measure the change of 
length of the specimen directly, rather it measured the change in distance between the heads 
of the load frame within which the test fixture was situated. Elastic effects of the fixture on 
the DCDT were accounted for by calculating the amount the fixture compressed. Quite a 
wide range in failure strains is shown in figure 2.21. For 8 2 45', and particularly at 8 = 
45', the failure mechanisms were such that large axial strains occurred just prior to failure. 
This large increase in the strain to failure at 8 = 45' indicates the failure mode for this angle 
is quite different or perhaps more complex than the failure mode for, say, 8 = 30'. 
The character of Young's modulus with off-axis angle, as shown in figure 2.22, is sim- 
ilar to that of strength. The modulus decreases as 8 increases from 0' to 45'. For 8 > 60' 
the modulus is basically constant. The Poisson's ratios illustrated in figure 2.23 indicate 
large expansions in the transverse direction. 
2.2.4 Failure Modes 
Several distinct modes can be observed in the failed specimens. Failure modes for off- 
axis angles of Oo, 5, and 10' include kink bands, brooming, interlaminar shearing, inplane 
transverse tensile splitting, and some inplane shearing. A failed 0' specimen with broom- 
ing, kink bands, and splitting is shown in figure 2.24, a failed 5' specimen with brooming 
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Figure 2.22 Young's modulus as a function of off-axis angle. 
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Figure 2.23 Poisson's ratios as a function of off-axis angle. 
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and kink bands is shown in figure 2.25, and a failed 10' specimen with brooming and in- 
plane transverse tension or inplane shear failure is shown in figure 2.26. 
The failure mode changes dramatically for angles of 15', 20' and 30'. The predominate 
mode is inplane transverse tension failure or inplane shear, or a combination of the two. As 
shown with a failed 15' specimen in figure 2.27, and a failed 20' specimen in figure 2.28, 
the transverse tension or inplane shear types of failure occurs on planes parallel to the fi- 
bers. Failure due to either inplane transverse tension or due to inplane shear results in a 
clean break parallel to the fibers. All the specimens in this category show exactly the same 
type of failure. 
Although the specimens in the 45' to 70' range are not the softest in the direction of 
loading, nor do they have the largest Poisson's ratios, they do exhibit the largest transverse 
and axial strains near the failure loads. In addition, they exhibit considerable inelastic de- 
formation. For example, on the ends of the 45' specimen shown in figure 2.29, Le., the 
surfaces bearing on the fixture, faint vertical lines are visible near the left and right edges. 
The lines represent impressions left by the fixture, the distance between the lines represent- 
ing the width of the fixture. That there is material outside these lines means the compressed 
specimen extended beyond the width of the fixture. This is presumably due to Poisson's 
effects. However, upon failure the specimens remained permanently deformed. Similar 
faint markings on the surface with white writing indicate high through-the-thickness strains 
also. Comparable but faint markings are also found in figure 2.30, a 60' specimen. The fail- 
ure modes for this range are inplane matrix shearing and matrix softening due to the non- 
linear stress-strain behavior of the matrix. Failure strains are also highest for this group. 
Edge views of 45' and 60' failed specimens are shown in figures 2.31 and 2.32. 
Through-the-thickness kink bands and delamination are evident, and the kink band angle 
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Figure 2.24 Failed 0" specimen with kink bands, splitting, and brooming. 
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Figure 2.25 Failed 5" specimen with kink bands and brooming. 
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Figure 2.26 Failed 10' specimen with brooming, inplane shear, and transverse tension. 
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Figure 2.28 Failed 20" specimen with inplane transverse tension. 
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Figure 2.29 Failed 45” specimen with matrix softening. 
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Figure 2.30 Failed 60" specimen with matrix softening. 
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Figure 2.31 Edge view of failed 45" angle-ply specimen. 
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Figure 2.32 Edge view of failed 60" angle-ply specimen. 
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1 .  
appears to be close to 45'. In figure 2.33 the typical matrix compression failure for the 75' 
to 90' range is shown. The failure surfaces indicate classical though somewhat brittle com- 
pressive failure. The failure surface for the 90' specimen is parallel to the fibers and begins 
at 45' to the laminate surface. 
2.2.5 Laminate Imperfections 
Several large pieces of scrap material were left over from each 6 in. by 7 in. panel after 
the specimens were cut. Edges of representative pieces of scrap were polished and inspect- 
ed under a microscope to determine if any out-of-plane waviness could be found. Waviness 
measurable by the naked eye was observed in the 0' and 20' laminates. The waviness ap- 
peared to have been caused by a rough weave of bleeder cloth placed next to one surface 
of the laminates. The waviness seemed to disappear after approximately 8 plies and was not 
apparent through the remainder of the thickness of the specimens that were examined. The 
maximum amplitudes for these imperfections were between 0.2 and 0.5 ply thicknesses. 
Maximum imperfection half-wavelengths were between 9 and 17 ply thicknesses. Other 
smaller lamina irregularities in all of the specimens, and a void in one of the specimens was 
also observed. These lamina irregularities included matrix-rich and matrix-starved regions 
between layers, misplaced fibers, and broken fibers. Although measurable waviness was 
not found in every specimen, it was observed that some type of imperfection exists in each 
specimen and that these imperfections may vary from specimen to specimen, even when 
cut from the same panel. Additionally, an indication of fiber or ply misalignment is found 
in Table 2.1. Six 45' specimens were tested. All of these were cut from the same panel. 
However three specimens were cut at 90° to the other three.The first three 45' specimens 
in Table 2.1 resulted in consistently higher values for Young's modulus than the second 
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Figure 2.33 Failed [go148 specimen with transverse compression failure. 
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group of three. This indicates that the panel might not actually be a true 
[ (+45) / ( ~ 4 5 )  ] 6s laminate, but rather the ply angles deviate from 45' by a small but no- 
ticeable amount. 
2.3 Comparison With AS4/3502 Results 
A comparison of IM7/855 1 -7a with AS4/3502 is useful, and also illustrative of the sim- 
ilar failure modes. In figures 2.34 and 2.35 the compression strengths of both AS4/3502 and 
IM7/8551-7a are plotted as a function of off-axis angle. Figure 2.34 indicates average IM71 
8551-7a test values in solid dots and the average AS4/3502 values in open squares. Figure 
2.35 illustrates actual test values for both material systems. The IM7/855 1-7a material does 
not have it's lowest strength near 45O, as the AS4/3502 material does. Another intriguing 
point is that nearly the same strengths were obtained for IM718551-7a for 0' to 10'. as op- 
posed to the decrease in strength of AS4/3502 for the same angles. Two reasons for this 
difference are proposed. One explanation considers the particular combination of matrix 
and fiber properties and fiber geometry in the IM7/855 1-7a material system as affecting the 
stability of the fibers at low off-axis angle laminates. Another explanation is that initial im- 
perfections have relatively greater impact on N7/855 1-7a than on AS4/3502. Both expla- 
nations are probably a factor, however the analysis in the ensuing chapters will prove 
enlightening when initial imperfections are considered. Failure modes for the IM7/8551-7a 
deduced from the experimental work are quite similar to those discussed in reference 22 for 
AS4/3502. 
2.4 Failure Predictions Based on Classical Theory and the Maximum Stress Fail- 
ure Criterion 
As mentioned earlier, one of the objectives of the present work is to develop more ac- 
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Figure 2.34 Average IM7/855 1-7a and AS4/3502 compression test values. 
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Figure 2.35 Actual IM7/8551-7a and AS4/3502 compression test values. 
TESTING OF IM7/8S.51-70 SPECIMENS 42 
COMPRESSION FAILURE OF ANGLSPLY LAMINATES 
Ell (Msi) 21 .o* 
E22 (Msi) 1.28* 
G12 (Msi) 0.707* 
v12 0.3602' 
curate methods for predicting the compressive strength of composites. The simplest form 
of analysis of composites in compression is the use of classical lamination theory. 25,26 
Elastic properties needed for such an analysis can be obtained from the experimental re- 
sults. The shear modulus G12 can be calculated from the 45" specimens by a method de- 
rived by R~sen.~ '  The two Young's moduli and Poisson's ratio can be determined directly 
from the 0" and 90" specimens. Elastic material properties for IM7/8551-7a as determined 
from the data in Table 2.1 are given in Table 2.2. Because of discrepancies in the transverse 
strain gage data, a published value was used for Poisson's ratio. The strengths are also giv- 
en. They will be discussed next. 
SIc &si) 240.02' 
S2' (ksi) 31.4* 
s Z ~  &si) 7.7028 
s12 @si) 17.2* 
Table 2.2 IM7/8551-7a Elastic Properties and Strengths 
I Compression Elastic Properties I Strengths 
2.4.1 Failure Predictions 
Using the experimentally-derived elastic properties, the maximum stress failure crite- 
rion can be used to predict the failure loads obtained. In order to do this, strengths for the 
IM718551-7a material system at the proper fiber volume fraction are needed. It can be as- 
sumed that for angle-ply laminates with angles greater than about 40' the laminates are not 
imperfection-sensitive, nor will the fixture used influence the results. Accordingly, shear 
and 90' compression strengths are obtained directly from the present experiments. Howev- 
er, for a failure analysis the compression strength for a 'perfect' 0' specimen is needed. For 
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lack of a better number the strength given by Hercules is used?' From the observations of 
failure it was determined that the laminates might also fail due to transverse tension. Ac- 
cordingly, this strength is also obtained from the Hercules report.*' These four key 
strengths are given in Table 2.2, the superscript 'c' denoting compressive failure strength 
and the 't' denoting tensile failure strength. The comparison between experimental results 
and the maximum stress criterion used with classical lamination theory are displayed in fig- 
ure 2.36. The various modes as predicted by the maximum stress failure criterion are indi- 
cated by the solid triangles, squares, and diamonds, whereas the solid circles represent 
experimental data. The solid squares for 8 < 45' represent inplane transverse tensile failure, 
whereas for 8 > 45' the solid squares represent inplane transverse compression failure. Ob- 
viously, as these angles are used to compute failure strengths, there is perfect correlation at 
45' and 90'. However there are significant discrepancies for 8 < 45'. For 0 s 8 s 10' or 
15' there are large differences between the experiment and the predicted fiber compression 
mode, the portion of the prediction given by the triangles. For 15' 8 2 30" the inplane 
transverse tensile failure mode, the portion of the prediction given by the squares, does not 
match experimental data. For 8 > 45" correlation between the predictions and the experi- 
ments are good. However, in order to be useful as a design tool over the entire range of 8, 
classical lamination theory using the maximum stress failure criterion should predict the 
same or slightly lower failure stresses compared to those obtained experimentally. Unfor- 
tunately the maximum stress failure criterion using classical theory does not give accurate 
predictions for the fiber compression failure mode and the transverse tension failure mode. 
In the following section suggestions are given as to why classical lamination theory, used 
in conjunction with the maximum stress failure criterion is not completely accurate. 
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Figure 2.36 Comparison between experimental results and classical predictions using 
the maximum stress failure criterion. 
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2.4.2 Possible Reasons Why The Classical Model Doesn’t Work 
Before possible reasons as to why the classical model doesn’t work are suggested, it is 
important to point out that here the emphasis is on predicting the mechanisms that affect 
laminate failure, as well as predicting the magnitudes of the failure stresses. With that in 
mind, some of the deficiencies in the classical model include: 
a. Interluminar effects: Classical lamination theory assumes thin plate theory, that is, 
there are no significant interlaminar stresses. The test specimens are bordering on 
what could be called ‘thick composites.’ Thin-plate theory may not be totally valid. 
Figure 2.30, with its out-of-plane delamination of the outer plies, for example, in- 
dicates there may be significant through-the-thickness stresses. For low off-axis an- 
gle laminates Shuart21*22 indicates the primary failure mode of the AS4/3502 
specimens to be interlaminar shear. That mode may be a factor with IM7/8551-7a 
too. 
b. Fixture-induced effects: It has been suggested that due to the highly unstable nature 
of 0’ laminates (you can’t push with a rope theory), it is extremely difficult to ob- 
tain accurate strengths for low off-axis angle laminates. An appropriate fixture must 
hold the specimen securely and correctly, yet not impede valid failure modes. It is 
possible there is some degradation of strength of the very low off-axis angle speci- 
mens (e e 10’) because the fixture does not adequately allow the specimen to ex- 
pand in the thickness direction. This fixture restraint causes stress concentrations at 
the ends of the specimens where they are held in place. 
c. Buckling of initiullyflut layers: Rosen’, in that classic derivation, and others have 
suggested that a predominate laminate compressive failure mode is microbuckling 
of initially flat layers. However, the critical buckling strengths are considerably 
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higher than the published 0' compression strengths given by Hercules. There is no 
doubt, though, that fiber or ply instability plays an important role in the compressive 
failure of composites. This effect is not accounted for in the classical theory. 
d. Initial impeqecrions: It is likely that the initial imperfections in a laminate are a 
large source of strength degradation for angle-ply laminates for 8 < 45'. Imperfec- 
tions can trigger or amplify the effects of short-wavelength (ply-level) instability. 
In the present work the specimens with 8 20' showed evidence of large waviness. 
As shown in figure 2.36, it is within this range of 8 that the greatest difference be- 
tween the predictions from the classical theory and experimental results occurs. It 
is well known in the buckling analysis of isotropic columns that an eccentricity or 
initial waviness can significantly effect the strength and out-of-plane deflection of 
such a column. Likewise, fiber eccentricities, initial ply waviness, or other imper- 
fections that act like ply waviness can have significant impact on the compressive 
strength of a laminate. These influences are not accounted for in the classical theo- 
ry. 
The remainder of the present work will focus on resolving the discrepancies between 
the experimental results and the predictions of the classical theory. Attention will be on the 
influence of initial imperfections. The imperfections will be in the form of a wavy layer. 
This type of imperfection can aggravate the inplane stresses, e.g., fiber direction compres- 
sion, and also produce interlaminar effects. Hence the wavy layer type imperfection should 
be considered as a serious candidate for contributing to the degradation of compression 
strength. The next two chapters will discuss the linear and nonlinear theories that will be 
used in the analysis of laminates with wavy layers. 
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2.5 Summary of Conclusions 
Experimental results for angle-ply laminates made of the IM7/8551-7a material system 
have been discussed. When experimental results were compared to the published Oo com- 
pression strength, and other appropriate strengths, using classical lamination theory and the 
maximum stress failure criterion, there was found to be discrepancies between predictions 
and actual values for off-axis angles less than 45O, especially for 8 < 2 5 O .  Several reasons 
were cited for these discrepancies. 
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3.0 OVERVIEW OF PREVIOUSLY DEVELOPED THEORY 
The theory discussed in this chapter was developed in detail in reference 2 1. The pur- 
pose of this chapter is to acquaint the reader with a basic understanding of the theory so that 
extensions and modifications of the theory can be put into context, and so that results based 
on the theory can be understood properly. The kinematics of deformation, the boundary 
conditions, and loading of the model are discussed briefly here. For a complete description 
of the theory the reader is referred to reference 21. 
3.1 Description of Model 
The physical model for this analysis is a series of laminated plates connected through 
elastic foundations. This model was alluded to in the introductory chapter. A representation 
of this model is found in figure 3.1. The basic element for the analysis consists of an ideal- 
ized lamina, as seen in the exploded view of figure 3.1. Each lamina, layer, or ply consists 
of aplate, representing the fibers and referred to as a ‘fiber-plate’, and an elastic foundation, 
representative of the matrix and referred to as a ‘matrix-foundation’. The layer has a total 
thickness t, the f i k r  plate has thickness tf and the matrix-foundation has thickness tm 
These quantities are related through 
t f=  v+ (3.1) 
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fiber-plates 
direction of loading 
Figure 3.1 Representation of model used in analysis. 
,- A- 
Figure 3.2 Model with wavy layers. 
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1 
t,,, = ( 1  - Vf) t ,  (3.2) 
where Vfis the fiber volume fraction of the laminate. Combining equations 3.1 and 3.2 give 
t = tf+2tm (3.3) 
By combining the basic elements or layers, the model of the laminate is formed. The 
effects of the matrix-foundation on the outside of the outer-most layers are neglected. A 
maximum of eight layers can be considered. The compression loading is assumed to be in 
the x direction. The array of plates is of length ‘a’ in the x direction and width ‘b’ in the y 
direction. The origin of the coordinate system is placed at one corner of the plate in the x 
and y direction and at the midplane of the laminate in the z direction. 
According to calculations in reference 21 (see figure 3.1 in that reference), the results 
of a buckling analysis with a limited number of layers asymptotically approaches the com- 
puted buckling solution for a laminate with many layers as the number of layers analyzed 
increases. When size and computational constraints were taken into account, eight layers 
was considered to give reasonable accuracy. 
The basic model of the laminate includes initial imperfections in the form of wavy lay- 
ers. Each layer in the model has the same imperfection. Originally in reference 21 only ini- 
tial imperfections of the length of the critical buckling half-wavelength and an amplitude 
of one-half a ply thickness were considered. In the present work additional wavelengths and 
amplitudes are considered. The additional wavelengths and amplitudes will be discussed in 
chapter 5. An illustration of ply waviness or imperfection is found in figure 3.2. The quan- 
tity W, defines the amplitude of the initial out-of-plane waviness. 
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3.2 Nonlinear Governing Equations 
Given linear elastic properties, the total potential energy for the parallel array of fiber- 
plates and matrix-foundations is obtained. From the resulting expression the governing 
nonlinear equilibrium equations for the model can be derived. The equations are nonlinear 
due to the inclusion of geometric nonlinearities. Here these equations are derived using the 
principle of stationary total potential energy and variational calculus. The governing non- 
linear partial differential equations are: 
N (where 1 is the b e r  nlamber) . .  
In terms of displacements: 
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The equations for the boundary condition integrals are obtained from the energy formula- 
tion. The equations for the boundary conditions are taken from the boundary condition in- 
tegrals and are: 
-  N 
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(3.9) 
(3.10) 
(3.1 1) 
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3.2.1 Definition of Terms in Previous Equations 
For some of the terms defined a complete description will be given. For other terms 
only a brief description will be given since it will be assumed the reader is familiar with 
them. For further details the reader should consult a text on classical lamination theory. 25.26 
D(') [*I is an operator defined by 
and the constants are defined by 
Em E Q =  
2tm (1 - Ut) 
Ga = - 
(3.13) 
(3.14) 
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The quantities N,, N,, and N, are inplane stress resultants. The definitions for them 
are the standard. Likewise with the Di,, which are fiber-plate bending stiffnesses. 
The i-th fiber-plate has displacements di), and w ( ~ )  in the x, y, and z directions, re- 
spectively. The theory for the fiber-plates is derived using the Kirchhoff assumptions. The 
expressions for the fiber-plate displacements are 
v(')(x,  y ,  Z) = vO(')(x, y )  -Z&V0"'(x, y ) ,  
aY 
(3.15) 
(3.16) 
are displacements in the x, y, and z directions, respectively, where u 
of the midplane of the i-th fiber-plate.The local through-the-thickness coordinate, Z, is de- 
fined such that 
O (0 , v o  (9 , and wo (0  
(3.18) 
The wo displacement contains the contributions of the imperfection of the fiber-plate 
wii)  and the additional displacement due to loading, wl(') .  The expressions for the normal 
and shear strains in the i-th fiber-plate are 
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( i )  - " ( i )  - " ( i )  
y x y  - y x y  + Z K x y  * (3.19) 
where $ ( i )  , and <ii) are the normal and shearing strains for the midplane of the i- 
th fiber-plate and IC:('), K ; ( ~ ) ,  andKlly(i) are the curvatures of the i-th fiber-plate. The mid- 
plane strains are developed using the von Karman nonlinear strain-displacement relations 
and include the initial imperfections of the fiber-plate. These strain-displacement relations 
assume that strains are small, that rotations about to the x and y axes are moderately small, 
and that rotations about to the axis are negligible. Accordingly, the strain-displacement 
relations for the i-th fiber-plate are 
(3.20) 
The normal and shearing strains are zero when the fiber-plate is unloaded. The curvatures 
are defined by 
(3.21) 
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The initial imperfections do not appear in the definition of the curvatures since the cur- 
vatures are determined by the change in slope of the midplane from the initial midplane ge- 
ometry, 
The matrix-foundations elastically connect the fiber-plates. The i-th matrix-foundation 
is located between the i-th and the (i+l)-st fiber-plates and has displacement u:) , vi), and 
w:) in the x, y, and z ditections, respectively. The through-the-thickness coordinate of the 
matrix-foundation z" is defined such that 
-tm I z I t,. (3.22) 
The displacements of the i-th matrix-foundation are linear functions of the displacements 
of the adjacent fiber-plates and are defined by 
(3.23) 
The initial imperfections of the adjacent fiber-plates do not appear in equations (3.17). De- 
formation of the matrix-foundation is the result of displacements due to loading of adjacent 
fiber-plates. The matrix is assumed to be initially unstrained. 
In this model the matrix-foundations have extensional stiffness in the z direction and 
shearing stiffness in the y-z and x-z planes. The out-of-plane strain-displacement relations 
for the i-th matrix-foundation are 
OVERVIEW OF PREVIOUSLY DEVELOPED THEORY 58 
COMPRESSION FAILURE OF ANGLE-PLY LAMINATES 
(3.24) 
The matrix-foundation equations for the out-of-plane strains were derived using a shear-lag 
formulation. 
3.2.2 Model Loading, Boundary Conditions, and Solution Procedure 
The model is loaded in compression by assuming uniform end shortening. Because no 
external loads are applied to the model the potential energy of the applied loads is zero. The 
loading enters the theory as a u displacement boundary condition for each fiber-plate as 
uo(i)(o,  y )  = 0 
(3.25) - .  ~ ' " ( a , y )  = -uo, 1 = 1,2, ..., N. 
The u and v displacement boundary conditions on the four boundaries are chosen to as- 
sure that the model remains rectangular during loading, as the test specimens are rectangu- 
lar. The u and v boundary conditions for each fiber-plate are designated as 
X uo ( i ) (x ,  0) = -Eo (-) , where Go is a known constant, a 
U0"'(X, b) = U0'" (X,  O), 
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VO (x, b) = -/ ('I (x, 0), (3.26) 
where AT2 and A12 are extensional stiffnesses for the total laminate and are defined by 
(3.27) 
i = l  
The A;:) are extensional stiffnesses, or inplane moduli, for the i-th layer of the laminate. 
Their definition is the standard.25v26 The v displacement boundary conditions are the result 
of Poisson expansion during loading. 
The model is simply supported on the unloaded edges. These simple-support boundary 
conditions are indicated as 
wl(i) = 0 = 0 i = l , 2  ,.... ,N. (3.28) 
It is assumed that when the model with initial imperfections is loaded in the x direction 
it deforms out-of-plane into a short-wavelength deflection mode. This mode may or may 
not be the critical short-wavelength buckling mode. It has been mentioned that both short 
wavelengths due to buckling and short wavelengths resulting from manufacturing anoma- 
lies will be considered. In either case, the half-wavelength is much smaller than the lami- 
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nate’s length or the laminate’s width. Because the half-wavelength is so much smaller than 
the laminate dimensions the fiber-plates in the model behave as elastically supported semi- 
infinite strips for which the displacement and moment boundary conditions at x=O and x=a 
to have negligible effect on the short-wavelength buckling behavior of the model. The dis- 
placement and moment boundary conditions for this model can be expressed along node 
lines of the mode shape as 
i = 1, 2, ...., N, (3.29) 
where the X-axis is parallel to the x-axis and is the localized coordinate for 0 I X 5 h. The 
analysis is thus confined to this region. 
If the short wavelength used is the critical one, that wavelength must be determined 
from a linear buckling analysis. The linearized buckling analysis is discussed in the next 
section. 
3.3 Linear Theory 
The nonlinear governing equations were linearized to determine the laminate end short- 
ening associated with short-wavelength buckling. This end shortening is the critical end 
shortening (U,) cr .  The linearized equations are also used to determine the critical buckling 
half-wavelength. The critical buckling half-wavelength is considered a laminate property. 
The linearized equations are derived using the adjacent-equilibrium criterion. Adjacent 
equilibrium configurations for the fiber-plates are investigated by adding small increments 
to the fiber-plate displacements. The relationships between the displacements prior to 
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buckling, u i i ) ,  v:~) , and wLi) , and the displacements of an adjacent equilibrium configu- 
ration, di), di), and w(~), are expressed by 
(3.30) 
where the quantity E is infinitesimally small. The prebuckling displacement wAi) and it's 
derivatives are zero for the flat i-th fiber-plate loaded by uniform end shortening. The fiber- 
plates do not include imperfections in the linear analysis ( w : ~ )  = 0). 
3.3.1 Linearized Governing Equations 
The linear stability equations for the collection of fiber-plates are stated below. Please 
note that all quantities with an overbar, except E, are the variational form of the same quan- 
tity without the bar. The equations are: 
fori = 
fori = 2.3. .... N- 1 
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(3.32) 
(3.33) 
3.3.2 Definition of Terms in Preceding Equations 
The short-wavelength mode shape for an anisotropic fiber-plate can have half-waves 
that are oriented at an angle $ to the orientation of a normal wave. These half-waves are 
referred to as "skewed waves". The form of the z displacement that satisfies the linear sta- 
bility equations and boundary conditions for a model composed of anisotropic fiber plates 
is 
For orthotropic fiber-plates, the cosine term above goes to zero. Also, A , A;;) , D$) , and 
D;;) go to zero. This simplifies previous and following equations considerably. The Ajk, 
and Djk terms are defined in any text on classical lamination theory. 25,26 
The quantities N$), N;?, and N$ are prebuckling stress resultants and are defined 
below as 
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(3.35) 
3.3.3 Solution Procedure 
The eigenvalues and eigenvectors for the assemblage of fiber-plates are obtained using 
the Galerkin method. The functions of y for the i-th fiber-plate, wii)(y), and wJi)(y), are 
- (i) expanded into a Fourier sine series. These series satisfy the boundary conditions for w, 
at y=O and at y=b and are expressed as 
m = l  
(3.36) 
where M is the number of terms in the series and is an even number. Equations (3.34) and 
(3.36) are substituted into equations (3.31) to (3.33) and the series expansions for w S ( ~ )  and 
wli)  are solutions to these equations if the equations are orthogonal to sin- mny and to 
nxY mxY sin -for each m and n, respectively. Therefore each equation is multiplied by sin -b b 
b 
and sin?. These resulting equations are then integrated to obtain 2*M simultaneous 
b 
equations for each fiber-plate in terms of the 2*M undetermined coefficients G i i  and 
W f i ) .  The series of simultaneous equations for N fiber-plates leads to an eigenvalue prob- 
lem of order 2*M*N. For a given value of h, this 2*M*N system has M*N unique eigen- 
values. The eigenvalues represent values of iio/a. The critical value of i 0 / a ,  Le., 
I 
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(EJa) cr,  and the half-wavelength that goes with it, hcr, are determined by minimizing 
( ; , /a )  cr with respect to h. 
3.3.4 Computer Program for Linear Theory 
The computer program written in conjunction with reference 21 to implement the linear 
buckling theory is called THESL and was implemented on a Control Data Corporation Cy- 
ber 205 vector processing computer. The program used eigensolving and minimizing sub- 
routines developed at the NASA-Langley Research Center. More will be said about the 
computer program in the next chapter, including an example. 
3.4 Nonlinear Theory 
The governing nonlinear differential equations are used to obtain displacements, 
strains, loads, and stresses for a model containing initially imperfect fiber-plates. In the pre- 
vious work the initial imperfections for all fiber-plates are the same and have the shape of 
the buckling mode for the model. The Kantorovich method and a numerical scheme are 
used to obtain solutions to the nonlinear equations. The unknown functions are expanded 
in kinematically admissible trigonometric series in the ;-coordinate, and this spatial vari- 
able is eliminated by integrating along the length of the laminate. The governing equations 
then become nonlinear coupled ordinary differential equations in the width-wise coordi- 
nate. These nonlinear ordinary differential equations are solved numerically. These steps 
are elaborated upon in the following sections. 
3.4.1 Governing Equations 
The kinematically admissible trigonometric series representing the displacements for 
the i-th fiber-plate are expressed as 
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xx 
= wo,(y) sin - + wo,(y) cos - h + w, (y) sin - h + w, (y) cos - h , ~5 ( i )  ( i )  O ( i )  x i  w (3.37) h 
where the wo, and wo, terms contain the initial imperfection, or initial waviness. 
Equations (3.37) are substituted into equations (3.20), and (3.21) to obtain kinematical- 
ly admissible midplane strains and curvatures, and those results are substituted into the 
standard formulation for stress and moment resultants. The total potential energy is formu- 
lated, integration with respect to x is performed, the total potential energy minimized, and 
the following governing ordinary differential equations obtained: 
fori 1 - 2 - d  - 
(3.38) 
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(3.39) 
(3.40) 
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(3.41) 
(3.42) 
(3.43) 
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The boundary conditions derived from this formulation are: 
= o  
(3.45) 
The model remains rectangular during loading and is simply supported on the unloaded 
edges. The boundary conditions are expressed as 
(3.46) 
3.4.2 Definition of Terms in Preceding Equations 
The stress and moment resultants are rearranged into subequations that are only depen- 
dent on y, subequations that include sine terms, and subequations that include cosine terms. 
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A complete description of each is given in reference 21 on pages 82 to 85. The stress and 
moment resultants are written as: 
(3.47) 
(3.48) 
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I 
d w y  . 
p,"' = d y  ' 
The functions of y for wo, and wo, are expressed as 
- X Y  w,,(y) = W0,Sin- b '  
X Y  
b 
- 
wo,(y) = w0,cos- , 
- - 
where WO, = WO, = Wo, and is equal to the amplitude of the initial imperfection. 
(3.49) 
(3.50) 
(3.51) 
(3.52) 
3.4.3 Solution Procedure of Nonlinear Theory 
An approximate solution to the nonlinear coupled ordinary differential equations is ob- 
tained by using an algorithm developed by Lentini and Pereyra2'. The algorithm is based 
on Newton's method and can be used to solve a system of simultaneous fmt-order nonlin- 
ear ordinary differential equations subject to two-point boundary conditions. The algorithm 
uses finite differences to solve the differential equations. Adaptive mesh spacings are au- 
tomatically produced so that mild boundary layers are detected and resolved. The differ- 
ence between successive approximations for each unknown is calculated. The algorithm 
iterates until this difference is less than a specified tolerance. 
The first-order governing equations for a model with anisotropic fiber-plates can be ex- 
pressed as a function of 20 unknowns for each fiber-plate. These unknowns for the i-th fi- 
ber-plate are listed below. The other unknowns are expressed as functions of these twenty. 
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The twenty first-order differential equations were obtained through substituting into and re- 
organizing equations (3.20), (3.21), (3.37) to (3.43). and (3.44). The 20 unknowns for an 
eight-layer plate are 
(3.53) 
3.4.4 Computer Program for Nonlinear Theory 
The program to implement the nonlinear theory, written in conjunction with reference 
21 and known as THESN, was originally run on a Cyber 205. The finite-difference analysis 
has a maximum of 41 stations. The ratio of the maximum distance between adjacent sta- 
tions to plate width is 0.05 when using all 41 stations. Since the results of this analysis are 
approximate, an error tolerance is specified for each unknown in the nonlinear analysis. 
This specified tolerance between successive iterations is approximately 1 %  of the maxi- 
mum calculated value for each unknown. The next chapter describes modifications to the 
program to extend its capabilities beyond its original form. 
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4.0 MODIFICATION AND ADDITIONS TO THEORY 
This chapter deals with modifications and additions to the theory presented in the pre- 
vious chapter. The major emphasis of the modifications and additions are placed on obtain- 
ing and using further information from the theory, the associated computer programs, and 
making the theory more versatile. 
4.1 Linear Theory 
As mentioned in Chapter 3, coding for the analysis based on the linear buckling theory 
resulted in the computer program named THESL. Given a particular laminate, or lay-up 
scheme, the purpose of the analysis using the linear theory was to obtain a critical buckling 
load, or strain, and a critical half-wavelength. THESL was originally written in FORTRAN 
for a Control Data Corporation CYBER computer at the NASA Langley Research Center. 
The program was transferred to Virginia Polytechnic Institute and State University. 
THESL was then modified so it would run on an IBM 3090 computer. The most current 
version of THESL takes less than 35 seconds clock time to run on the IBM 3090. 
4.1.1 Modifications to the Linear Theory 
Mostly cosmetic and portability changes were made to THESL. The version of FOR- 
TRAN originally used to write the program was not current, so minor changes were made 
to bring the FORTRAN to the FORTRAN 77 standard. Also the program was changed to 
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double precision. This allowed more accurate results when a FORTRAN compiler would 
not implicitly make the program double precision. The eigenvalue solving subroutines and 
the minimizer subroutine used in the original program were routines written at the NASA 
Langley Research Center. Equivalent subroutines from the International Math Subroutine 
Library (IMSL) were used in their place. These subroutines are from a highly refined com- 
mercially available package. Most mainframe computers use the IMSL library, so the pro- 
gram should be quite portable. The modifications also enhanced the accuracy of THESL. 
The program uses an initial guess in the calculation of the critical buckling half-wave- 
length. To check the eigenvalue solving accuracy and the accuracy of the search routine for 
the critical wavelength, two input test cases, identical except for the initial guess of the crit- 
ical wavelength, were submitted to the original program on the CYBER. The critical wave- 
lengths obtained from the two test cases differed by about 5%. When the same two test 
cases were submitted to the modified program on the IBM 3090 at Virginia Polytechnic In- 
stitute and State University, results which agreed to five significant digits were obtained. 
The modified version of the program is known as THESLD. 
4.1.2 Using The Modified Linear Theory and a Sample Test Case 
The linear code THESLD reads from a single input file and writes three output files. 
Except for the two text lines at the beginning of the input file, the reading of the input data 
was changed to list directed input so that data on an input line can be separated by commas, 
eliminating the need to remember restrictive format fields. The output files consists of a file 
that will contain any error or special messages, a file that essentially echoes the input file, 
holds the calculated critical half-wavelength and buckling load, and a file to hold two col- 
umns of data representing strain versus half-wavelength for a given laminate. The user may 
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select from four options, or cases, when conducting an analysis of a laminate. The option 
chosen depends on the type of laminate. These options are: 
A. All layers orthotropic, and all layers the same; 
€3. All layers anisotropic, and all layers the same; 
C. All layers orthotropic, and all layers may be different, and; 
D. All layers anisotropic, and all layers may be different. 
The last option will perform any of the analyses of the first three options, but the less gen- 
eral options may take less cpu time. Option A utilizes a closed-form solution which takes 
considerably less computer time, so it should be used when ever possible. The present work 
primarily uses options A and D. 
A sample input file and output from the program are included in Appendix A. A de- 
scription of the input file is also give in Appendix A. The laminate considered in the sample 
case uses eight layers, a 30" angle-ply lay-up, and the IM718551-7a material system. 
4.2 Nonlinear Theory 
The analysis using the nonlinear theory consists of three main computer programs and 
the data interpretation associated with those programs. The original and primary code is 
called THESN. The modified version of THESN is known as THESNS. Two post-proces- 
sor programs were written to make the data interpretation faster and make THESNS more 
powerful. 
The original nonlinear program was written for the CYBER system. No analyses were 
conducted in the present study using the nonlinear program on the CYBER. For the current 
work the THESN FORTRAN program was transferred to a CONVEX computer used by 
the Aircraft Structures Branch at the NASA-Langley Research Center. The THESN pro- 
MODIFICATION AND ADDITIONS TO lHEORY 75 
COMPRESSION FAILURE OF ANGLE-PLY LAMINATES 
gram is self-contained and essentially no modifications were made to allow it to run on the 
CONVEX. 
The purpose of the analysis using the nonlinear theory is to obtain inplane stresses and 
interlaminar strains for a laminate with a specified level of imperfection, load level, lay-up, 
and material system. The finite-difference method used to solve the series of differential 
equations results in solutions at discrete x, y, and layer locations. The two post-processor 
programs use these data to calculate stresses and strains at the discrete points, and then 
search for the highest stresses and strains at each layer and load step. 
The procedure for the analysis using the nonlinear theory is as follows: Elastic proper- 
ties, a description of laminate geometry, imperfection levels, and load steps, are input into 
THESNS. The output from THESNS is post-processed to obtain stresses and strains. The 
incremental load steps allow the user to start ‘loading’ the laminate at an appropriate load 
level, and then keep increasing the load until a point at which the laminate ‘fails’ because 
one or more of the inplane stresses or interlaminar shear strains has exceeded a certain fail- 
ure level. 
4.2.1 Modifications to Nonlinear Theory 
Two major types of modifications were made to the original computer code. The first 
type was to change the program to execute faster. At the initial load step the computer pro- 
gram relied on estimates, or guesses, for solutions to each of the variables in the first-order 
nonlinear differential equations that it solved by iteration. In the original program, when the 
variables at the second and consecutive load steps were solved for, the program would start 
over on its solving process and use the original guesses. This was changed so the results 
from the previous load step were used as guesses for the next load step. For a four load step 
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case, approximately 33% of the cpu time was saved. 
The second type of modification of the nonlinear theory was made so that it would be 
more general. The nonlinear theory was changed so that each layer of the laminate could 
have a different amplitude of imperfection. The wavelength of each imperfection in the 
laminate is still the same, however. In the original program the out-of-plane displacement 
for the i-th layer, equation (3.37), was as follows: 
where the wos and wo, terms contain the initial imperfection and are defined as 
- . ay 
b 
X Y  
b 
was@) = wossln- , 
wo,@) = w0,cos- . 
- 
(4.2) 
With the modified nonlinear theory it is assumed that each layer can have a different initial 
imperfection. The out-of-plane displacement of the i-th layer then becomes 
3E w (i) O = wos ( i) @)sin- +wo, ( i )  @)cos- +ws (i) @)sin- +w,  (i) @)cos- 
h h h h ’  (4.3) 
where the w::) and w::) terms contain the initial imperfection and are now defined as 
(4.4) 
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The +,!:I and W,!:) terms are the amplitudes of the initial imperfections that can vary from 
layer to layer. 
Also, the computer program THESN was modified so that elastic properties, strains, 
load levels, load step information, and ply information were written to a separate file for 
post-processing. Output to the original file was not changed. The modified code, THESNS, 
writes out the following values for each layer at each discrete point x, y: 
These expressions listed above are used to formulate stresses and strains and will be ex- 
plained in the next section. 
4.2.2 Post-Processors 
As mentioned, two post-processors were written to help with the present work. The two 
post-processor programs quickly search through and manipulate data from THESNS. The 
fmt program is called MOREI. The second program is called EXTRACTI. The program 
MOREI uses inplane strains, curvatures, and elastic properties to obtain inplane stresses. 
The inplane strain components are defined as: 
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The strains are then combined with elastic properties of each layer to obtain inplane stresses 
as 
The stresses are transformed into the fiber coordinate system as 
where s stands for sine('), c stands for cose('), and e ( i )  is the angle of orientation for 
each layer. Definitions for the transformations and qij can be found in texts on classical 
lamination theory. 25,26 
The program MORE1 then searches in the x direction and y direction to find the maxi- 
mum fiber, inplane transverse, and inplane shear stress for each layer and each load step. 
The maximum stresses at two consecutive load steps are then linearly interpolated to obtain 
load levels that result in failure based on previously determined failure values for fiber di- 
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rection, inplane transverse, and inplane shear stresses. 
The program EXTRACT1 extracts interlaminar strains yxz, yyz, and G, and w displace- 
ments for each layer from another output file. Searches for the interlaminar strains are per- 
formed in the x and y directions and between every set of layers. A search is also made for 
the displacements. Maximum values of the strains and displacements are obtained for each 
load step. A linear interpolation method is again used to obtain failure loads based on spec- 
ified failure levels of interlaminar shear strain. Neither extensional strain nor displacement 
w is considered critical so no interpolation is done with these quantities. 
4.2.3 Sample Case for Analysis using the Nonlinear Theory 
A sample input file and a summary of the output from the nonlinear theory are included 
in Appendix B. A description of the input file is given in Appendix B. The laminate con- 
sidered in the sample case uses eight layers, a 30" angle-ply lay-up, and the IM718551-7a 
material system. 
The next chapter describes results that were obtained using the programs discussed in 
this chapter. These results are used to help explain the discrepancies between experimental 
results and classical predictions as discussed in Chapter 2. 
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5.0 ANALYTICAL RESULTS 
The analytical results presented in this chapter are obtained using the theory presented 
in the previous chapters. The emphasis will be on the nonlinear analysis, particularly on the 
role that wavy-layer type imperfections play in determining laminate compressive strength. 
Two categories of wavy-layer type imperfections will be discussed: The first category in- 
cludes imperfections where the imperfection length is the critical buckling half-wave- 
length. For the present work there is no concern as to how the imperfections appear in that 
form. The linear buckling analysis is used to determine these critical half-wavelengths and, 
though they are not used, critical loads for this category. The second category includes im- 
perfections of the wavy-layer type but where the half-wavelengths are not the critical half- 
wavelengths, rather the wavelengths represent manufacturing imperfections. For this sec- 
ond category, waviness or imperfections that are the same for every layer, as well as imper- 
fections that vary from layer to layer, will be investigated. For both categories the 
amplitude of the imperfection will be assumed to be either one-tenth, two-tenths, or one- 
half a layer thickness in amplitude. All laminates discussed and analyzed in this chapter 
will be angle-ply laminates with a lay-up of [ (*e) / ( i o )  ] s, where 0" I 8 I 90" and 8 
will be referred to as the off-axis angle. Analytical predictions and experimental results us- 
ing the JM7/8551-7a material system will be compared with analytical predictions and ex- 
perimental results that use the AS413502 material system. 
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Fiber-Plate 
Ell (Msi) 21.0 
E Q ~  (Msi) 1.28 
G12 (Msi) 0.707 
v12 0.360 
5.1 Results from Linear Theory 
Matrix-Fo~ndation~~ Strengths 
Em (Msi) 0.506 SI‘ (ksi) 240 
G, (Msi) 0.185 S2‘ (ksi) 31.4 
v, 0.366 S? (ksi) 7.70 
Slz (ksi) 17.2 
The elastic properties and strengths for IM7/8551-7a, as determined in chapter 2 and 
documented Table 2.2, are presented again in Table 5.1. In the context of the analysis the 
Table 5.1 IM7/855 1 -7a Elastic Properties and Strengths 
laminate properties are assigned to the properties of the fiber-plate. The layer thickness 
used in the computations will be 0.00573 in., as calculated in chapter 2. In the table the su- 
perscript ‘c’ denotes compressive properties and the superscript ‘t’ denotes tensile proper- 
ties. 
As mentioned in conjunction with Table 2.2, the fiber-plate Poisson’s ratio given in Ta- 
ble 5.1 was not obtained from the experimental tests. Because of the poor quality of the 
Poisson’s ratio data acquired experimentally, a published value was chosen. From studies 
conducted using both the linear and nonlinear theory, it was determined any fiber-plate 
Poisson’s ratio between 0.32 and 0.36 will give virtually identical results. Properties for the 
matrix-foundation are neat resin properties and were taken from reference 30. Elastic prop- 
erties and strengths for AS4/3502 from previous work2131 are shown in Table 5.2. The lay- 
er thickness used in the AS4/3502 computations is 0.0052 in. 
5.1.1 Critical Buckling Half-Wavelengths and Loads 
For an infinitely long isotropic plate simply-supported along two sides, the buckling 
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Fiber-Plate2' 
Ell (Msi) 18.5 
(Msi) 1.64 
G12 (Msi) 0.870 
v12 0.300 
load can be computed as a function of the assumed buckling wavelength. The buckling load 
vs. buckling wavelength relationship for laminated plates is similar. The lowest buckling 
load is called the critical buckling load and the corresponding wavelength is called the crit- 
ical wavelength. In figure 5.1 normalized buckling loads are plotted as a function of nor- 
malized buckling wavelength for a representative laminate using the IM71855 1 -7a material 
system. Note there is a minimum buckling load that has an associated wavelength. By the 
nature of the relationship shown in figure 5.1, a buckling analysis usually involves search- 
ing for the critical, or lowest, load. 
Matrix-Foundation2' Strengths 
E, (Msi) 0.590 SI (ksi) 206.03' 
Gm (Msi) 0.260 S2' (ksi) 36.9g21 
Vm 0.360 S2 (ksi) 6.303' 
s12 (ksi) 13.8021 
Using the above idea to find the lowest buckling load, critical buckling loads for IM71 
8551-7a and AS413502 are computed using the linear multilayer analysis described in 
chapters 3 and 4. The buckling loads are shown as a function of off-axis angle in figure 5.2. 
Critical buckling half-wavelengths for IM718551-7a and AS413502, normalized by the 
thickness of one layer, are shown as a function of off-axis angle in figure 5.3. Notice that 
the buckling loads are practically independent of off-axis angle, whereas the critical half- 
wavelength decreases with increasing off-axis angle. The critical wavelengths range from 
12 to 27 layer thicknesses. The normalized quantities provide insight into the length scales 
involved in this study. The data of figure 5.3 are tabulated in Table 5.3. These data are im- 
portant because the next section will discuss the nonlinear analysis of laminates with im- 
ANALYTICAL, RESULTS 83 
COMPRESSION FAILURE OF ANGLE-PLY LAMINATES 
1.125 
1 .I 00 
1.075 
1.050 
1.025 
1 .ooo 
b I I , i , I  
0.975 
0.00 0.50 1 .oo 1.50 2.00 2.50 
Normalized Buckling Half-Wavelength 
Figure 5.1 Normalized buckling loads vs. normalized buckling wavelengths. 
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-0- lM7/8551-7a Critical Buckling Stress (ksi) 
- I 3  - AS4/3502 Critical Buckling Stress (ksi) 
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Figure 5.2 Critical buckling loads as a function of off-axis angle. 
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Figure 5.3 Normalized critical half-wavelengths as a function of off-axis angle. 
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perfections with the shape of the critical short-wavelength buckling mode. 
It was noted in chapter 2 in the section on test fixtures that if the test section lengths are 
smaller than or close in size to the critical buckling half-wavelength, then the fixture could 
restrain the laminate from failing in the short-wavelength buckling mode. The critical half- 
wavelengths found in Table 5.3 are useful in determining proper test section lengths. 
Table 5.3 Critical Half-Wavelengths for IM7/8551-7a and AS4/3502 
0" 
5" 
10" 
15" 
20" 
25" 
30" 
35" 
40" 
45 " 
50" 
55" 
60" 
65" 
70" 
75" 
80" 
85" 
90" 
A, for IM7/855 1 -7a 
0.155 27.1 
0.155 27.0 
0.153 26.7 
0.150 26.2 
0.147 25.7 
0.142 24.8 
0.136 23.7 
0.130 22.6 
0.122 21.3 
0.114 19.9 
0.106 18.5 
0.0974 17.0 
0.0892 15.6 
0.08 17 14.3 
0.0757 13.2 
0.07 16 12.5 
0.0694 12.1 
0.0685 12.0 
0.0682 11.9 
(in.) XJt 
h,, for AS413502 
(in.) XJt .~ 
0.131 2Y.2 
0.131 25.2 
0.129 24.8 
0.126 24.2 
0.124 23.8 
0.120 23.0 
0.115 22.1 
0.110 21.1 
0.104 19.9 
0.0970 18.7 
0.0900 17.3 
0.083 1 16.0 
0.0765 14.7 
0.0705 13.6 
0.0658 12.7 
0.0625 12.0 
0.0607 11.7 
0.0600 11.5 
0.0598 11.5 
Critical buckling strains as a function of off-axis angle for IM7/855 1 -7a and AS4/3502 
are shown in figure 5.4. The critical strains tend to increase rather dramatically as the off- 
axis angle increases, though they are quite constant for 0" 8 2 90". 
This increase is due to decreasing stiffness of the laminate as a function of off-axis angle. 
None of the calculations used to create the previously mentioned figures take into ac- 
count that a laminate may fail due to another mechanism before it reaches a critical buck- 
8 15" and for 75" 
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* lM7/8551-7a critical buckling strains 
- B - AS413502 critical buckling strains 
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Figure 5.4 Critical buckling strains as a function of off-axis angle. 
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ling load or strain. Hence, laminates with certain stiffnesses or lamina orientations may 
never reach their critical buckling loads or strains. Thus, the critical short-wavelength 
buckling loads obtained from the linear analysis represent an upper bound on compressive 
strength for high-modulus laminates. 
5.2 Imperfections Having Critical Half-Wavelengths 
In the chapter 3 it was mentioned that the critical half-wavelength h,, can be considered 
a laminate property. A possible form for imperfections in a laminate is that of a wavy layer, 
the waviness being in the form of the buckling mode with half-wavelength A, and ampli- 
tude W,. Such imperfections could possibly come from thermal buckling of the plies dur- 
ing curing of the laminate, buckling of initially flat plies, and various other sources. 
To follow is an examination of the influence on compression strength of imperfections 
where the imperfection lengths are the critical half wavelengths, and the imperfections have 
various amplitudes. It was determined through observation and calculation in references 2 1 
and 22 that a reasonable maximum imperfection amplitude W, would be 0 3 ,  where t is 
the thickness of a layer as defined in chapter 3. Imperfection amplitudes of 0.1 t and 0.2t are 
also considered in order to understand the effects of imperfection amplitude. 
5.2.1 Results with W, = 0.1 t and h = h, 
In figure 5.5 predictions from the nonlinear analysis are compared to experimental and 
classical predictions for IM718551-7a. For the predictions shown in figure 5.5 the nonlinear 
analysis used critical half-wavelengths and an imperfection amplitude of O.lt. Failure is 
predicted using the maximum stress criterion. By classical is meant the use of classical lam- 
ination theory to compute the stresses in a perfectly flat laminate, that is, one with no im- 
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+ Fiber Compression U lnplane Shear Wo = . It ,  hCr 
--t- Transverse Normal 
+ lnplane Shear Transverse Tension Wo = . lt ,  Xcr 
.+ FiberCompression Wo=.lt, kcr -yxz=0.050 Wo=.lt,  hCr 
Transverse Compression Wo = .It, hcr 
0 Experimental results - - X - -  yxz=0.025 Wo=.lt,  hcr 
0 15 30 
Figure 5.5 Comparison of nonlinear and classical predictions and experimental results 
for IM7/8551-7a with W, = O.lt and h = hCr 
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perfections. The classical predictions were discussed in chapter 2. The filled circles 
represent experimental results. The filled triangles represent fiber compression failure pre- 
dicted using classical lamination theory. The filled diamonds represent inplane shear fail- 
ure predicted using the classical theory. The filled squares represent inplane transverse 
normal failure using the classical theory. The transverse normal failure mode includes fail- 
ure due to inplane transverse tension and failure due to transverse compression. Recall, for 
8 e 45" the transverse failure mode is predicted to be tension, while for 8 > 45" the trans- 
verse failure mode is predicted to be compression. Symbols of the same type are joined to- 
gether to form a failure locus. The loci discussed so far are the same as those in figure 2.36. 
However, figure 5.5 includes additional loci. The loci of open triangles, diamonds, and 
squares represent the same predicted failure modes as the closed triangles, diamonds, and 
squares, but use the nonlinear analysis to compute fiber direction, transverse, and shear 
stresses, and the resulting failure loads. The x's with the short and long dashes represent 
failure due to interlaminar shear strain yxz using failure strain levels of 0.025 and 0.050, re- 
spectively, i.e., cF= 0.025 or c; = 0.050. Two values were used because an accurate 
failure strain for yxz could not be found, although conflicting values of 0.03 1 and 0.051 were 
obtained3'. The assumed 1","" value of 0.050 is probably more correct than = 0.025 
but both will be discussed. The interlaminar shear strain yxz was used because it was at least 
an order of magnitude larger than other interlaminar strains. Of all the loci in the figure, at 
a particular off-axis angle the locus with the lowest predicted failure load is the important 
one, or the one considered to cause failure. 
Using the method discussed in the previous chapter for determining failure and consid- 
ering the locus with the lowest failure load, the failure modes for figure 5.5 are predicted 
to be: fiber compression for 8 in the range of 0" to 12"; inplane transverse tension for 8 in 
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the range of approximately 12" to 35"; inplane shear for 8 in the range of 35" to 70", and; 
transverse compression for 8 in the range of 70" to 90". Because of the imperfection, fail- 
ure, whatever the mode, occurs at a particular x-y location and within a particular layer. In 
fact, failure occurs at a particular z location within a certain layer. If the laminate was per- 
fectly flat, as the classical theory assumes, failure would occur at all x-y locations simulta- 
neously and entirely through the thickness of all layers. In addition, interlaminar failure 
would not be an issue. 
It appears that for 8 ranging from 45" to 90" there is no major difference between non- 
linear predictions and the classical predictions. This corresponds well with the previous as- 
sumption that angle-ply laminates are not sensitive to imperfections for angles greater than 
about 40". More importantly, in this range of 8 there is good agreement between the exper- 
imental and the predictions. 
Although an imperfection in a 0" specimen with a critical half-wavelength of 27t, or 
0.155 in., and an imperfection amplitude of O.lt is not considered severe, the predicted 
compression strength for a 0" specimen, limited by the fiber compression failure mode, de- 
creased from 240 ksi (the classical prediction) to approximately 155 ksi, this represents a 
reduction in strength of almost one-half. Between 8 = 0" and 8 = 15" the compression 
strength predicted by the nonlinear analysis varies little. Correspondingly, between 0" and 
10" the experimental results were quite constant. It appears that failure due to interlaminar 
shear at cF= 0.050 occurs at a higher load than failure due to fiber compression using the 
classical theory. 
For 8 between approximately 15" and 35" inplane transverse tension is predicted to be 
the dominant failure mode, both by the classical theory and by the nonlinear theory. The 
solid squares in that region represent predictions due to inplane transverse tension using the 
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classical theory. The open squares with the crosses in them represent failure loads due to 
inplane transverse tension using the nonlinear theory. The failure loads due to inplane trans- 
verse tension using nonlinear theory show good correlation with the experimentally 
observed values. 
Relative to the classical theory, with the nonlinear analysis the inplane shearing mode 
changed dramatically. Using the nonlinear analysis and an off-axis angle of 0", for the in- 
plane shear mode there is a distinct predicted failure load of approximately 238 ksi. How- 
ever, at 8 = 0" and for failure due to inplane shear, the classical theory predicts a 
compressive failure load of infinity. This implies that even a small imperfection can alter 
the importance of shear stress in a laminate at low off-axis angles. 
Predictions using the nonlinear analysis are compared with experimental results and 
classical predictions for AS4/3502 in figure 5.6. The nonlinear analysis shown in figure 5.6 
uses critical half-wavelengths and an imperfection amplitude of O.lt.  The symbols repre- 
senting experimental and predicted loads are the same as those discussed for figure 5.5 ex- 
cept that the x's with the medium dashed lines represent interlaminar shear failure at "I","" 
of 0.036. This failure level was used in refs. 21 and 22 when considering interlaminar shear 
in AS4/3502 and is used here simply for consistency. For comparison with the predictions 
for IM7/8551-7a the failure loci for 1","" = 0.050 and 0.025 are included. 
From the failure loci, the failure modes predicted for AS4/3502 using critical half- 
wavelengths and an imperfection amplitude of 0.1 t are: fiber compression for 8 ranging 
from 0" to approximately 12"; inplane transverse tension for 8 in the range of approximate- 
ly 12" to 32"; inplane shear for 8 ranging from 32" to approximately 75", and; transverse 
compression for 8 ranging from 75" to 90". Because in figure 5.6 the interlaminar shear 
strain loci for = 0.036 and e,"" = 0.050 are off the scale, it can be seen by comparing 
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figure 5.5 with figure 5.6 that at low off-axis angles failure due to interlaminar shear strain 
occurs at much higher loads for AS4/3502 than for IM7/8551-7a. Failure due to inplane 
shear also occurs at a much higher loads for low angles. 
At 0" the failure load due to fiber compression as predicted by the nonlinear theory is 
about 156 ksi. This compares to a strength of 206 ksi predicted by the classical theory and 
a experimentally measured strength of approximately 137 h i .  The failure load due to the 
fiber compression mode as predicted by the nonlinear theory for AS4/3502 at this imper- 
fection level does not decrease as much as the predicted load did for IM7/8551-7a at the 
same 0" off-axis angle and imperfection level. It appears that the imperfection sensitivity 
of a laminate may vary according to its elastic properties. Also, the AS4/3502 laminate does 
not seem to be sensitive to the imperfection for off-axis angles greater than about 40". The 
failure loads due to the inplane transverse tension failure mode, using the nonlinear theory, 
show the same trends as those represented in figure 5.5. However the reduction relative to 
the classical values does not seem to be as large. 
5.2.2 Results with W, = 0.2t and h = ha 
In figure 5.7 predictions from the nonlinear analysis are compared to experimental re- 
sults and classical predictions for IM7/8551-7a. For the results shown in figure 5.7 the non- 
linear analysis uses critical half-wavelengths and an imperfection amplitude of 0.2t. The 
various symbols and what they represent are identical to the situation of the last two figures. 
The failure modes predicted for the analyses in figure 5.7 are: fiber compression or inter- 
laminar shear, if one uses the lower value of 1","" = 0.025, for 8 ranging from 0" to approx- 
imately 13"; inplane transverse tension for 8 ranging from 13" to approximately 35"; 
inplane shear for 8 ranging from 35" to 70". and; transverse compression for 8 ranging from 
ANALYTICAL RESULTS 94 
COMPRESSION FAILURE OF ANGLE-PLY LAMINATES 
-iL- Fiber Compression 
--C- Transverse Normal 
+ lnplane Shear 
lnplane Shear Wo = .2t, kcr 
Transverse Tension Wo .2t, kcr 
* Transverse Compression Wo = .2t, kcr 
rx, = .025 Wo = .2t, kcr 0 Experimental results - - x- - 
+ Fiber Compression Wo= .21, Xcr 4 - yx, = .050 Wo = .a, kcr 
0 ' " " ' " " ' " ' " '  
Figure 5.7 Comparison of nonlinear and classical predictions and experimental results 
for IM718551-7a with W, = 0.2t and h = hCr 
0 1 5  30 4 5  60 75 9 0  
6s 
[+e/ T ~ I  
ANALYTICAL RESULTS 95 
COMPRESSION FAILURE OF ANGLE-PLY LAMINATES 
70" to 90". 
The imperfection amplitude for the analyses presented in figure 5.7 is double that of fig- 
ure 5.5. At an off-axis angle of 0" the predicted failure load from the nonlinear analysis for 
fiber compression is about 125 ksi compared to 155 ksi for figure 5.5 and 240 ksi for the 
classical (flat) case. Obviously there is not a linear relationship between predicted fiber 
compression strength and imperfection amplitude. This reflects on the nonlinear nature of 
the problem. In addition, the increased imperfection amplitude reduces the predicted com- 
pressive strength due to interlaminar shear by a greater amount than it does for fiber com- 
pression failure. If this trend with increased amplitude continues, it would appear that at a 
large enough imperfection amplitude interlaminar shear would become the dominant fail- 
ure mechanism for 0 in the range of 0" to 20". As the imperfection amplitude increases, it 
also appears as if the locus due to inplane shear failure is moving down and to the left away 
from the locus predicted by classical theory for inplane shear. The failure loads due to in- 
plane transverse tension, as predicted by the nonlinear theory, are now lower than experi- 
mentally observed values for 0 = 15" to 0 = 30". If this pattern continues, it appears that for 
more severe imperfections the nonlinear theory will predict failure loads due to inplane 
transverse tension that are considerably lower than experimental values. The imperfection 
has affected the inplane transverse tension failure mode to the degree that for a unidirec- 
tional laminate as modeled in figure 5.7, the predicted failure load due to inplane transverse 
tension is approximately 230 ksi, rather than infinity as it is for the classical theory. For 0 
greater than approximately 40" the nonlinear analysis is predicting failure loads due to in- 
plane shear, and transverse compression, that are lower than experimentally observed. 
. 
Figure 5.8 compares predictions from the nonlinear theory with experimental results 
and classical predictions for AS4/3502. For the results shown in figure 5.8 the nonlinear 
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analysis uses critical half-wavelengths and an imperfection amplitude of 0.2t. The predict- 
ed failure modes of AS4/3502 laminates with imperfections of W, = 0.2t and h = h,, are: 
fiber compression for 8 ranging from 0" to approximately 12"; inplane transverse tension 
for 8 ranging from 12" to approximately 35"; inplane shear for 8 ranging from 35" to ap- 
proximately 75", and; transverse compression for 6 greater than 75". The predicted com- 
pression strength due to the fiber compression mode is somewhat less than the experimental 
results. Assuming r",""= 0.036, for off-axis angles less than about 10" failure due to the 
interlaminar shear strain mode would occur at a compressive load of 210 ksi at 8 = 0" and 
then decrease to less than 200 ksi at 20". The failure load due to this mode is higher than 
the failure load due to the inplane shear mode, a mode which starts at about 185 ksi at 8 = 
0" and drops quite rapidly to 26 ksi at 8 = 45". The failure load due to the interlaminar shear 
strain mode is also slightly higher than the failure load due to fiber compression based on 
the classical analysis. It appears then, for this level of imperfection, that AS4/3502 angle- 
ply laminates with off-axis angles less than 10" will not fail due to interlaminar shear. For 
8 ranging from 12" to 30" the predicted failure loads due to inplane transverse tension using 
the nonlinear theory correlate quite closely with experimental results. Again, for off-axis 
angles greater than 40" the nonlinear analysis gives conservative estimates for compression 
strength. 
5.2.3 Results with W, = 0.5t and h = ha 
Figure 5.9 compares predictions from the nonlinear analysis using critical half-wave- 
lengths and an imperfection amplitude of 0.5t with experimental results and classical pre- 
dictions for IM7/8551-7a. The imperfection amplitude of 0.5 times a layer thickness is the 
most severe considered so far. This level of imperfection severely, and perhaps unrealisti- 
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tal!-". affects the predicted compression strength of the IM7/8551-7a angle-ply laminates. 
A point not discussed yet is the fact that as the off-axis angle 8 increases, the critical 
half-wavelength decreases. This was shown in figure 5.3 and Table 5.3. For a given imper- 
fection amplitude, W,, a shorter half-wavelength results in higher curvatures in the imper- 
fection. For a given applied load these higher curvatures lead to higher stresses in the plane 
of the layer and higher interlaminar strains. Thus for a given imperfection amplitude the 
shorter half-wavelength produces a more severe imperfection. Correspondingly, it reduces 
laminate strength more. So for figure 5.9 and the past figures, the relative severity of the 
imperfection analyzed increases as the off-axis angle 8 increases. This could explain why 
for 8 from about 40" to 90" the nonlinear theory predicts lower failure loads than measured 
experimentally. This will be discussed more and examples will be given in the next section. 
Ignoring in figure 5.9 the case of c? = 0.025, the predicted failure modes of IM7/ 
8551-7a with W, = 0 3  and h = hcr are: either fiber compression or inplane shear for 8 
ranging from 0" to 15"; inplane transverse tension for 8 ranging from 15" to approximately 
38"; inplane shear for 8 ranging from 38" to 70", and; transverse compression for 8 greater 
than 70". From 8 = 0" to about 15" the fiber compression and inplane shear modes are so 
close to each other that it is difficult to determine which actually causes failure. Both modes 
probably contribute to failure. If the failure value for interlaminar shear strain cy were 
considered to be 0.025, then interlaminar shear would cause the laminate to fail at much 
lower loads than predicted for the fiber compression or inplane shear modes. From 8 = 0" 
to approximately 20" all predictions except the interlaminar shear failure associated with 
= 0.050 are below experimental results. This would indicate that either the laminates 
tested do not have as severe an imperfection as those used in the predictions for figure 5.9, 
or cF = 0.050 is the dominant failure condition, despite the fact there are other modes that 
'1","" 
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lead to lower failure stresses. 
Figure 5.10 contrasts predictions from the nonlinear analysis with experimental results 
and classical predictions for AS4/3502 using critical half-wavelengths and an imperfection 
amplitude of 03. In almost every case the predictions from the nonlinear analysis in figure 
5.10 give significantly lower failure loads than are actually experienced. Not considering 
the 1","" = 0.025 locus, the predicted modes of failure are: fiber compression or inplane 
shear for 8 ranging from 0" to 12", with the emphasis on inplane shear; inplane transverse 
tension for 8 ranging from 12" to approximately 36"; inplane shear for 0 ranging from 36" 
to 75", and; inplane transverse tension for 8 ranging from 75" to 90". In the range of 8 = 0" 
to 8 = 15", the interlaminar shear prediction locus for a cp" = 0.036 is also lower than ex- 
perimental data. One startling observation that can be made regarding figures 5.9 and 5.10 
is that a shear failure mode, either inplane or interlaminar shear, could conceivably consti- 
tute the major mode of failure for most of the range of 8. Also, the severe imperfection am- 
plitude, coupled with nonlinear effects, is causing predicted failure loads due to inplane 
transverse tension to decrease significantly. 
5.2.4 Discussion 
From the last six figures many important facts were learned about the compressive fail- 
ure of graphite-epoxy angle-ply laminates which have imperfections in the form of critical 
buckling half-wavelengths. Angle-ply laminates are not as imperfection-sensitive for off- 
axis angles of about 40" and greater. For off-axis angles less than about 35", even a very 
small imperfection amplitude can have significant effect on the compressive strength of a 
laminate. The mode of failure can be strongly influenced by the level of imperfection. Gen- 
erally the predicted compressive failure modes are: fiber compression for 8 ranging from 
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Figure 5.10 Comparison of nonlinear and classical predictions and experimental results 
for AS4/3502 with W, = 0.3 and h = hCr 
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0" to approximately 12"; inplane transverse tension for 8 ranging from 12" to approximate- 
ly 35"; inplane shear for 0 ranging from 35" to 70", and; transverse compression for 6 great- 
er than 70". As the imperfection amplitude increases, i.e., W, > 0.2t, the compressive 
failure mode for 6 ranging from 0" to 12" tends to be the inplane shear mode or the inter- 
laminar shear mode. This is because the more severe imperfection amplitudes increases 
out-of-plane deflections at lower loads. The increasing out-of-plane deflections cause more 
load to be transferred within the laminate through shear. Thus for the most severe imper- 
fection amplitude of 03, the most dominant failure mechanism is shear. There may be sev- 
eral failure modes acting simultaneously and interacting to produce failure at low off-axis 
angles. As has already been discussed, for 0 ranging from 40" to 90" the nonlinear theory 
consistently predicted failure loads that were too low. 
Although IM7/855 1 -7a is stiffer and stronger in the axial direction than AS4/3502, the 
imperfections had a relatively greater impact on IM7/8551-7a. For example, at an off-axis 
angle of 0" the strength of IM7/8551-7a is 240 ksi if no imperfections are considered, i.e., 
the classic case. The experimentally observed strength is 114 ksi. For an imperfection of 
W, = 0.1 t and h = hcr the predicted strength is about 155 ksi, a decrease in strength of 85 
ksi relative to the perfect case. However, for AS4/3502 at an off-axis angle of 0" the 
strength is 206 ksi if no imperfections are considered. The experimentally observed 
strength is 137 ksi, and for an imperfection of W, = O.lt and h = hCr the predicted strength 
is about 156 ksi, a decrease in predicted strength of 50 ksi. This indicates that AS4/3502 is 
less sensitive to imperfections at low off-axis angles than IM7/8551-7a. Likewise, for 0 < 
15" the experimental results for AS4/3502 are higher than the experimental results for IM7/ 
8551-7a. The analyses using the more severe imperfections also support the assertion. 
Comparisons between material systems when considering the inplane transverse tension 
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failure mode also show the same trend. 
5.3 Using Other Half-Wavelengths as Imperfection Shapes 
One of the concerns expressed in the last section is the fact that the critical half-wave- 
length decreases as the off-axis angle 8 increases. Thus, for the analyses presented in the 
last section the imperfections analyzed at 8 = 0"are not geometrically the same ones that 
are analyzed at 8 = 20". This section will consider failure of angle-ply laminates which con- 
tain imperfections, but the geometry of the imperfections will be independent of 8. 
5.3.1 Source of Half-Wavelengths and Imperfection Amplitudes 
In chapter 2 it was shown that wavy-type imperfections were observed in scraps left 
over from the IM7/8551-7a test specimens. The wavy imperfections had lengths of 9 to 17 
times a layer thickness. The amplitudes of the imperfections were from 0.2 to 0.5 times a 
layer thickness. The analyses in the previous section indicated that an imperfection ampli- 
tude of 0.5 times a layer thickness, or W, = 0 .3 ,  predicted considerably lower failure loads 
than observed experimentally. Reasonable imperfection amplitudes were considered to be 
W, = 0. It and 0.2t. Based on these considerations, the next sections discuss the predicted 
failure characteristics for two imperfection amplitudes, W, = 0.1 t and 0.2t, and two wave- 
lengths, h = 10t and 20t. Both material systems are considered and comparisons with ex- 
perimental observations are made. 
5.3.2 Results with W, = O.lt and h = 20t 
In figure 5.1 1 compressive failure predictions based on the nonlinear theory with an im- 
perfection of W, = 0.1 t and h = 20t, where t = 0.00573 in., experimental results, and failure 
predictions based on the classical theory are shown for IM7/8551-7a. The symbols are the 
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Figure 5.1 1 Comparison of nonlinear and classical predictions and experimental results 
for IM718551-7a with W, = O.lt and h = 20t. 
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same as in previous figures. The filled circles represent experimental results. The filled tri- 
angles represent fiber compression failure using classical theory with the maximum stress 
failure criterion. The filled diamonds represent inplane shear failure, using classical theory, 
and the filled squares represent transverse normal failure, using classical theory, which in- 
cludes both inplane transverse tension at off-axis angles less than 45" and transverse com- 
pression at off-axis angles greater than 45". The open triangles, diamonds, and squares 
represent the same failure modes as the closed triangles, diamonds, and squares, but use the 
nonlinear analysis to compute fiber, transverse, and shear stresses, and the resulting failure 
loads. The x's with the short and long dashes, respectively, represent the interlaminar shear 
strain yxz at levels of 0.025 and 0.050. 
Predicated on the results in the figure, the predicted failure modes are: fiber compres- 
sion for 8 = 0" to 15"; inplane transverse tension for 8 = 15" to approximately 35"; inplane 
shearing for 8 = 35" to approximately 70", and; transverse compression for 8 = 70" to 90". 
For off-axis angles less than 20" failure due to interlaminar or inplane shear would occur at 
much higher loads than failure due to fiber compression. The character of the inplane shear 
mode has changed significantly relative to using the classical theory. The inplane shear fail- 
ure mode now predicts a finite strength at 8 = 0" compared to an infinite strength using clas- 
sical predictions. The inplane transverse tension failure mode shows similar trends 
concerning the prediction of failure strength at 8 = 0". Recall figure 5.5 shows predictions 
for IM7/8551-7a with W, = O.lt. However, the wavelength changes with 8 in that figure. 
At low off-axis angles, hCr in figure 5.5 is larger than the imperfection length used in figure 
5.1 1 (see Table 5.3). The results of figure 5.1 1, then, show that shorter wavelengths lead to 
reduced strength at low off-axis angles. For 8 ranging from 0" to 20" in figure 5.1 1, the pre- 
dicted compression strength, which is due to the fiber compression mode, stays virtually 
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constant. This contrasts with figure 5.5 where the predicted compression strength, which is 
also due to the fiber compression mode, decreases slightly for 8 = 5" to 8 = 10". This effect 
is probably due to h,, decreasing with 8 in the results of figure 5.5. In figure 5.1 1, for 8 = 
40" and higher, the nonlinear theory predicts failure loads almost identical to experimental 
results. 
Figure 5.12 compares failure predictions based on the nonlinear theory, experimental 
results, and failure predictions based on the classical theory for AS4/3502. The nonlinear 
theory uses an imperfection of W, = O.lt and h = 20t where t = 0.0052 in. The predicted 
failure modes are: fiber compression for 8 = 0" to 12"; inplane transverse tension for 8 = 
12" to approximately 33"; inplane shear for 8 = 33" to approximately 70", and; transverse 
compression for 8 = 70" to 90". These are the same failure mode characteristics as observed 
in figure 5.1 1 for IM718551-7a. However, at low off-axis angles, predictions based on the 
nonlinear analysis for the IM7/855 1 -7a material system continue to be relatively lower than 
their counterparts for the AS4/3502 material system for the same imperfection level. In fig- 
ure 5.12 the predicted failure loads due to the fiber compression failure mode coincide very 
well with experimental data for about the first 10". Although the character of the inplane 
shear failure mode has changed from the classical case, it does not follow the experimental 
results until approximately 8 = 40". The predicted failure loads resulting from the inplane 
transverse tension mode, using the nonlinear theory, have moved somewhat closer to the 
experimentally observed results, though they are still too high. The failure loads predicted 
for an interlaminar shear strain cy = 0.036 are considerably higher than the classical pre- 
dictions. It appears that this level of waviness affects the fiber compression and inplane 
transverse tension modes more than the interlaminar shear and inplane shear modes. In all 
figures showing the predictions from the nonlinear analysis and predictions from classical 
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Figure 5.12 Comparison of nonlinear and classical predictions and experimental results 
for AS4/3502 with W, = 0.1 t and h = 20t. 
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theory for AS4/3502, neither prediction correctly follows experimental results from ap- 
proximately 60" to 70". It almost appears as if the loci representing the predictions have 
been shifted 10" to the right. 
5.3.3 Results with W, = O . l t  and h = 10t 
Failure predictions based on the nonlinear theory for the case with W, = O.lt and h = 
10t for IM7/8551-7a are shown in figure 5.13. For this case the half-wavelength is 50% of 
the half-wavelength in figure 5.1 1. Note the downward trend of all the failure loci associ- 
ated with the nonlinear analysis. The shortening of the wavelength seems to have a serious 
impact on strength. The predicted failure modes are: fiber compression for 8 = 0" to approx- 
imately 15"; inplane transverse tension for 8 = 15" to approximately 35"; inplane shear for 
8 = 35" to approximately 65", and; inplane transverse tension for 8 = 65" to 90". Failure due 
to the fiber compression and inplane transverse tension modes are predicted to occur at very 
low loads relative to classical predictions. In addition, there are other significant changes 
in the failure predictions. The reduced imperfection length also decreased angle-ply com- 
pression strength due to the interlaminar shear mode. The locus predicting inplane shear is 
shifted further to the left. For 8 > 40" failure loads lower than experimentally observed val- 
ues are predicted due to inplane shear and due to transverse compression. 
The failure predictions using the nonlinear theory for AS4/3502 with W, = 0.1 t and h 
= 10t are graphically depicted in figure 5.14. The character of the predictions in figure 5.14 
are similar to those in figure 5.13. However, the failure loads resulting from the fiber com- 
pression mode and interlaminar shear mode aren't as low as their counterparts for IM71 
8551-7a shown in figure 5.13. The predicted compressive failure modes are: fiber compres- 
sion for 8 = 0" to approximately 13"; inplane transverse tension for 8 = 13" to approximate- 
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Figure 5.13 Comparison of nonlinear and classical predictions and experimental results 
for IM7/8551-7a with W, = O.lt and h = lot. 
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ly 35"; inplane shear for 6 = 35" to approximately 75", and; transverse compression for 6 = 
75" to 90". Compared to figure 5.12, the shorter imperfection length seems to greatly affect 
the inplane transverse tension mode. In figure 5.14 the predicted failure loads for 6 e 30" 
due to inplane transverse tension are all lower than experimental values. As mentioned with 
previous figures, since the predicted compression strengths due to the fiber compression 
failure mode are much lower than measured results for low off-axis angles, it would appear 
that the laminate did not fail in the fiber compression mode. Alternately, it may be that lam- 
inate imperfections were not as severe as analyzed. The interlaminar shear failure mode us- 
ing "I","" = 0.036 predicts larger loads than the fiber compression mode, the inplane 
transverse tension mode, or the inplane shear mode. 
5.3.4 Results with W, = 0.2t and h = 20t 
In figure 5.15 the failure predictions using the nonlinear theory are shown for the case 
of W, = 0.2 and h = 20t and the IM7/8551-7a material system. Much can be learned by 
comparing the predictions in this figure with those shown in figure 5.13. Some research- 
e r ~ * ~  use a non-dimensional ratio to uniquely describe the level of imperfection in their 
laminates. This ratio is usually defined as 
I ,  = W0/hcr.  
Using numerical values, I, should be 0.01 for the results in figures 5.13 and 5.15. Accord- 
ingly, these figures should exhibit the same predictions. They do not. The present analyses 
thus show that a single parameter such as this ratio can be misleading. In figure 5.15 the 
predicted compressive strength due to fiber compression at low off-axis angles is higher 
than the predicted compressive strength due to fiber compression in figure 5.13. Also, for 
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Figure 5.15 Comparison of nonlinear and classical predictions and experimental results 
for IM7/8551-7a with W, = 0.2t and h = 20t. 
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off-axis angles less than 30" the compression strengths due to inplane transverse tension are 
larger in figure 5.15 than in figure 5.13. The predictions for failure due to interlaminar shear 
and inplane shear are slightly lower in figure 5.15 than in figure 5.13. Considering, in ad- 
dition, the predictions of figure 5.11, it appears the shorter imperfection length affects the 
fiber compression mode and the inplane transverse tension mode more than the larger im- 
perfection amplitude does. However, comparing figure 5.13 with figure 5.15, it appears the 
larger imperfection amplitude has only a slightly greater affect on the interlaminar shear 
and inplane shear failure modes than the short imperfection length does. Thus the ratio I, 
perhaps has only limited meaning for the interlaminar shear and inplane shear modes. 
Turning to the details of figure 5.15, the predicted failure modes are: fiber compression 
for 8 = 0" to 15"; inplane transverse tension for 8 = 15" to approximately 35"; inplane shear 
for 8 = 35" to approximately 67", and; transverse compression for 8 = 67" to 90". When 
considering all failure modes, the predicted modes and failure loads presented in figure 
5.15, although slightly low, are the nearest to the experimental results of any discussed so 
far. Note that the interlaminar shear failure mode for c,"" = 0.025 and the fiber compres- 
sion mode coincide for 8 = 0" to 15 ". 
In figure 5.16 the predictions from the nonlinear analysis with W, = 0.2t and h = 20t 
and the AS4/3502 material system are shown. Relative to the results in figure 5.14, the 
same observations made about the imperfection ratio I, in the previous section, these ob- 
servations related to figures 5.15 and 5.13, also apply. At low off-axis angles there are sig- 
nificant differences between the predicted loads due to the fiber compression and inplane 
transverse tension modes in figure 5.16 compared to the loads of figure 5.14, detracting 
from the single ratio theory. However, the failure loads due to the interlaminar shearing 
mode and inplane shear mode are approximately the same in figure 5.14 as in figure 5.16. 
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Figure 5.16 Comparison of nonlinear and classical predictions and experimental results 
for AS4/3502 with W, = 0.2t and h = 2Ot. 
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The predicted failure modes in figure 5.16 are: fiber compression for 8 = 0" to approximate- 
ly 12"; inplane transverse tension for 8 = 12" to approximately 34"; inplane shear for 8 = 
34" to approximately 75", and; transverse compression for 8 = 75" to 90". The fiber com- 
pression mode again predicts low failure loads when compared to experimental results. 
However, the failure loads due to the inplane transverse tension mode shows excellent cor- 
relation with experiments for 8 = 10" to 30". The predicted interlaminar shear mode r","" 
= 0.036 at low off-axis angles results in considerably higher failure strengths than the pre- 
dicted fiber compression and inplane shearing modes do. In addition, the interlaminar shear 
mode leads to higher strengths than the experimental results. Even though it was learned in 
section 5.2 that larger imperfection amplitudes seem to affect interlaminar shear somewhat 
more than fiber compression, considering "I","" = 0.05 for IM7/8551-7a, and r","" = 0.036 
for AS4/3502, it does not appear that the present combination of imperfection amplitude 
and length have influenced interlaminar shear, enough to cause it to be a dominant failure 
mode in figures 5.15 and 5.16. 
5.3.5 Results with W, = 0.2t and h = 10t 
The predictions presented in figure 5.17 represent the most severe of the four imperfec- 
tion cases, namely that of W, = 0.2t and h = 10t with the IM7/8551-7a material system. All 
predictions but the high interlaminar shear mode with c,"" = 0.05 and a portion of the in- 
plane shear mode underestimate the failure loads. The failure modes as predicted by the 
nonlinear theory are: fiber compression for 8 = 0" to 15"; inplane transverse tension for 8 
= 15" to approximately 40"; inplane shear for 0 = 40" to approximately 70", and; transverse 
compression for 8 = 70" to 90". The low predicted failure loads result from the short im- 
perfection length aggravating the fiber compression and transverse modes. The interlami- 
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Figure 5.17 Comparison of nonlinear and classical predictions and experimental results 
for IM7/8551-7a with W, = 0.2t and h = lot. 
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nar shear mode e,"" = 0.05 corresponds well with the experimental results. This figure is 
similar to figure 5.9 for h = hCr If the fiber compression and inplane transverse tension 
modes are ignored temporarily, it might be possible to use the imperfection ratio I, that was 
discussed earlier for a rough comparison. For figures 5.9 and 5.17 Ir is approximately equal 
to 0.02 for low off-axis angles. Both analyses show the same trends for the shear modes and 
indicate approximately the same failure loads. The differences in the fiber compression 
modes are significant, however. The shorter imperfection length of the predictions in figure 
5.17 causes the predicted compression strength due to fiber compression failure to be low- 
er, and causes the analysis to predict virtually the same fiber compression strength for 8 = 
0" to 30". In figure 5.9 the longer imperfection length and larger imperfection amplitude 
did not affect the compression strength due to fiber compression as much, and the predicted 
compression strength due to fiber compression continued to decrease until 30". For both 
figures 5.17 and 5.13, where the short imperfection lengths are used, the failure loads pre- 
dicted due to inplane transverse tension using the nonlinear theory are significantly lower 
than the predicted inplane transverse tension failure loads shown in figures 5.9 and 5.15, 
respectively, where long imperfection lengths are used. 
The predictions presented in figure 5.18, for the nonlinear analysis with W, = 0.2t and 
h = lot, and from the classical analysis, were determined using the AS4/3502 material sys- 
tem. The trends observed in figure 5.18 are similar to figure 5.17. The predicted failure 
modes due to the nonlinear theory are: fiber compression failure for 8 = 0" to 12"; inplane 
transverse tension for 8 = 12" to approximately 37"; inplane shear failure for 8 = 37" to ap- 
proximately 70", and; transverse compression for 8 = 70" to 90". The failure strengths pre- 
dicted by the interlaminar shear mode using fr = 0.036, as well as strengths due to the 
inplane transverse tension mode, are also lower than experimentally observed values. For 
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Figure 5.18 Comparison of nonlinear and classical predictions and experimental results 
I for AS4/3502 with W, = 0.2t and h = lot. 
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8 = 20" to 8 = 30" the predicted inplane shear locus is higher than experimental results. Fi- 
nally, the laminates shown in figures 5.18 and 5.10 have approximately the same imperfec- 
tion ratio. The analyses of the two figures predict similar results for the interlaminar shear 
and inplane shear modes at off-axis angles less than 30". This lends credibility to the notion 
the single parameter I, may be a valid concept for some faiIure modes. 
5.3.6 Discussion 
By conducting analyses where the imperfection in a laminate is the same for every off- 
axis angle, comparisons can be made between different levels of imperfections and differ- 
ent material systems. These comparisons are: Similar trends are observed for both IM7/ 
8551-7a and AS4/3502. However, analysis continues to show that AS4/3502 is less sensi- 
tive to wavy-type imperfections than IM7/855 1-7a. Fiber-plate and matrix-foundation elas- 
tic properties for IM718551-7a and AS413502 are given in Tables 5.1 and 5.2. It is noted 
that AS4/3502 has a higher shear modulus than IM7/8551-7a. Since wavy-type imperfec- 
tions tend to produce a shear response that is lacking in a perfect laminate, the higher shear 
stiffnesses are beneficial. The higher stiffnesses of the AS4/3502 matrix-foundation rela- 
tive to the IM7/8551-7a matrix-foundation would also tend to restrain or reduce the effects 
of waviness. 
Less severe imperfections, h 2 20t and W, e 0.2t, produce failure loads due to fiber 
compression and inplane transverse tension that correlate reasonably well with experimen- 
tal results at lower off-axis angles. The more severe levels of imperfections, h lot, pro- 
duce failure predictions due to interlaminar shear, using f: = 0.05 for IM7/855 1 -7a and 
using f: = 0.036 for AS4/3502, and inplane shear that are comparable to experimental 
results at off-axis angles less than 45". Several Dossibleconclusions can be drawn from this. 
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These are: 
a. The published strengths due to fiber compression failure are not really generated by 
testing laminates that are imperfection-free. That is, the imperfection-free strengths 
due to fiber compression failure for IM7/8551-7a and AS4/3502 should be higher 
than reported. If this were the case, then the predicted fiber compression failure 
mode and the two shear failure modes would correlate better with the experimen- 
tally observed results discussed in chapter 2. Correspondingly, the published 
strengths for failure due to inplane transverse tension are also too low, or are not 
imperfection- free. 
b. The test specimens with low off-axis angles discussed in chapter 2, did not fail due 
to the fiber compression mode, but due to a shear-related mode. 
c. The interaction of the layers in the test specimens delayed total or catastrophic lam- 
inate failure due to inplane transverse tension. 
d. The level of imperfections in the test specimens was not as severe as those modelled 
in some of the nonlinear analyses. 
It is quite obvious from observations made in chapter 2 that ply-level waviness was not ev- 
ident in every layer of every specimen, or even in every specimen tested. However, the 
smaller layer irregularities found could reduce the stability of a laminate such that the lam- 
inate would act as if it had wavy layers. Such correlation or equivalence of results can only 
be determined by conducting a carefully devised and controlled experiment, coupled with 
an appropriate analysis. 
It was found that the loads from the fiber compression mode and the inplane transverse 
tension mode, i.e., modes associated with off-axis angles less than 35", as predicted by the 
nonlinear theory depended more on the length of an imperfection analyzed rather than on 
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the amplitude of the imperfection. Laminates with equivalent imperfection ratios, I,, did not 
produce the same predicted compression strengths when the fiber compression failure 
mode or when the inplane transverse tension failure mode were considered. The nonlinear 
analyses did show that laminates with equivalent imperfection ratios predicted, with a little 
variation, equivalent failure loads for the interlaminar shear mode and the inplane shear 
mode. Inplane shear and interlaminar shear might be affected slightly more by larger im- 
perfection amplitudes than by shorter imperfection lengths. 
When compared to classical predictions, the shorter or more severe imperfection 
lengths also changed the character of the predicted fiber compression mode slightly. In- 
stead of the predicted compression strength due to the fiber compression mode decreasing 
mildly as 8 increases to 30", then increasing sharply as the classical results predict, the pre- 
dicted compression strength always increased as 8 increased. It appears that very low off- 
axis angles tend to aggravate the effects that short imperfection lengths have on the fiber 
compression mode. Even less severe imperfections affected the character of the inplane 
transverse tension and inplane shear modes at very low off-axis angles. 
Using the nonlinear theory, the location where each laminate is predicted to fail is the 
location of highest stress for each failure mode. These locations are a function of failure 
mode, seventy of imperfection, and the off-axis angle of the laminate in question. For a 
laminate failing due to the fiber compression mode, the laminate is predicted to fail in the 
outer-most layer on the concave side of the laminate, or layer 1. For a description of layer 
numbering see figure 5.19. For a failure due to inplane transverse tension the laminate is 
predicted to fail in layer 8, or the outermost convex layer. However, at lower loads the max- 
imum inplane transverse tension stresses are in layer 1, or the outer-most concave layer. For 
laminates failing due to inplane shear the predicted location is layer 1 or 2 for laminates 
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h 
Figure 5.19 Edge view of laminate with layer numbering. 
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with less severe imperfections, and layer 8 for laminates with more severe imperfections. 
The predicted location for failure due to transverse compression and interlaminar shear is 
always layer 1, the outer-most concave layer. 
5.4 Imperfections in Some Layers 
It is most likely that actual laminates will not have noticeable imperfections in every 
layer. This is evidenced by the imperfections found in the scrap from the specimens, as dis- 
cussed in chapter 2. As reviewed in chapter 4, the present work includes the capability to 
conduct nonlinear analyses of laminates with imperfections in only some of the layers, or 
with imperfection amplitudes that vary from layer to layer. The nonlinear analysis, howev- 
er, does not adjust the thicknesses of matrix-foundations between layers to allow for differ- 
ences in levels of imperfection in adjacent fiber-plates. The errors in matrix-foundation 
thicknesses are felt to produce negligible errors in fiber-plate stresses and strains. However 
the errors in matrix-foundation thicknesses can produce significant errors in interlaminar 
strains. For that reason the predictions discussed in the following paragraphs do not include 
any discussion of interlaminar strains. 
5.4.1 Types of Partial Waviness 
The types and levels of partial waviness were chosen to be representative of those found 
in practice. Four types of partial waviness were studied. These are illustrated in figure 5.20. 
In figure 5.20a the type of imperfection studied in the previous sections is shown. With this 
imperfection every layer is assumed to have the same amplitude of waviness. Figure 5.20b 
illustrates a partial imperfection where the outside layer on one side of the laminate has no 
waviness and the amplitude of waviness increases on a layer by layer basis so that the out- 
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1. Every layer imperfect. 
2. Imperfections ranging from none to max. 
3. Maximum imperfection at center. 
B 4. Max imperfection at center, reverse imperfection. 
5. Only one layer imperfect. 
Figure 5.20 Types of partial imperfections. 
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side layer on the other side of the laminate has a maximum amount of waviness, W,. Figure 
5 .20~  illustrates the second type of partial waviness studied. For this case the maximum 
wave amplitude, W,, is in the layers adjacent to the midplane of the laminate. Layers on 
the opposite side of the mid-plane have waviness of the opposite sign such that the mid- 
plane area is resin-rich. The layers on the outside have no waviness. The third type of partial 
waviness studied is shown in figure 5.2Od. This is similar to the waviness of figure 5 . 2 0 ~  
except the midplane of the laminate is resin-starved. The fourth type of partial waviness, 
shown in figure 5.2Oe, considers one layer to be wavy and the other layers being perfectly 
flat. In the figure it is the outside layer that is assumed to be wavy. In a following section 
other isolated layers are considered to be wavy. 
A preliminary analysis using the nonlinear theory was conducted to determine the rel- 
ative seventy of each type of partial imperfection. A laminate with an off-axis angle of 5" 
was analyzed with each imperfection as shown in figure 5.20. The half-wavelength used is 
20t and the maximum imperfection amplitude is 0.2t. A load of 125 ksi was applied to each 
imperfect laminate and the fiber-direction stress computed. The results of this preliminary 
study can be seen in figure 5.21. In figure 5.21, and hereafter, the various types or levels of 
imperfections will be known by their corresponding number. For example, a single imper- 
fect layer will be a type 5 imperfection. In figure 5.21 the results are compared to a laminate 
with full imperfections in every layer, a type 1 imperfection. From figure 5.21 it can be seen 
that except for the type 1 imperfection, the type 2 and type 5 imperfections produced the 
highest fiber-direction stresses. The type 3 and 4 imperfections produced the lowest fiber- 
direction stresses, the stress levels being about the same. As as result of this preliminary 
study it was decided to use the type 2, type 3, and type 5 partial imperfections for the re- 
mainder of the partial imperfection study. It was further decided to use a single layer im- 
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Figure 5.21 The compressive stresses due to the fiber compression failure mode for each 
imperfection. 
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perfection with the single imperfect layer is the outer-most layer, then the imperfect layer 
the second layer in, and finally, the imperfect layer the fourth layer in. All laminates ana- 
lyzed consist of a total of eight layers. The imperfection length chosen for all analyses in 
this section is 20t. The maximum imperfection amplitude chosen is 0.2t. 
5.4.2 Comparison of Results 
Figure 5.22 shows the predictions of analyses conducted using the nonlinear analysis 
and a type 3 imperfection. The predictions of the classical theory are also included, as are 
the experimental results. The material system used is IM7/855 1 -7a. All results discussed in 
this section will be based on the IM7/855 1 -7a material system. The solid triangles represent 
failure loads from the fiber compression failure mode using the classical theory. The solid 
diamonds and squares represent failure loads from the inplane shear and inplane transverse 
tensionkompression failure modes respectively, using the classical theory. The open trian- 
gles represent the failure loads resulting from the fiber compression failure mode using the 
nonlinear theory. The open squares with crosses in them represent failure loads from the 
inplane transverse tension failure mode using the nonlinear theory. The open diamonds rep- 
resent failure loads from the inplane shear failure mode using the nonlinear theory. The 
open data points represent analyses conducted at 0", 15" and 30". A preliminary study 
showed that predictions obtained from analysis using the nonlinear theory for 8 2 45" 
would produce predictions almost identical to predictions at 8 2 45" using the classical the- 
ory. Hence the predicted failure loads for 8 s5" due to the inplane shear mode using the 
nonlinear theory are assumed to be the same as the failure loads calculated using classical 
theory. Since analyses using the nonlinear theory were only conducted at 0", 15", and 30", 
the loci represented by each failure mode appear coarse and fragmented. 
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Figure 5.22 Comparison of nonlinear and classical predictions and experimental results 
for IM7/8551-7a for a type 3 imperfection with Wornax = 0.2t and h = 20t. 
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It is quite obvious in figure 5.22 that compared to the classical analysis, the type 3 im- 
perfection used in the analysis does not affect compression strength much. It appears that 
failure loads due to the fiber compression mode using the nonlinear theory decreased by 
less than one percent relative to the values using the classical theory. The failure loads due 
to the inplane shear failure mode are indistinguishable from their classical counterparts. 
The failure loads resulting from the inplane transverse tension mode as predicted using the 
nonlinear theory are slightly lower than the corresponding loads predicted using classical 
lamination theory. In summary, the type 3 imperfection does not effect the compressive 
strength of angle-ply laminates. 
In figure 5.23 comparisons are made with failure loads as predicted by the nonlinear 
theory with a type 2 imperfection, as predicted by the classical theory, and as experimen- 
tally measured. The analyses conducted using the nonlinear theory show that this type of 
imperfection reduces the compression strength of angle-ply laminates considerably more 
than the type 3 imperfection. For a unidirectional laminate (e = 0"), the failure load due to 
the fiber compression mode as predicted by the nonlinear theory is approximately one-half 
the failure load predicted using classical theory. Both the inplane shear and the inplane 
transverse tension failure modes using the nonlinear theory now predict finite strengths at 
8 = 0" rather than infinite strengths as predicted by classical theory. These two failure loci 
are lower than the failure locus due to fiber compression as predicted by classical theory. 
The locus of failure loads due to inplane transverse tension failure as predicted by nonlinear 
theory has decreased from its classical counterpart. The failure strengths due to the inplane 
transverse tension mode correlate quite well, although non-conservatively, with experi- 
mental strengths for 8 between 15" and 30". It is interesting to compare the predictions of 
figure 5.15 for a type 1 imperfection, the case where every layer has the same level of im- 
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Figure 5.23 Comparison of nonlinear and classical predictions and experimental results 
for IM7/8551-7a for a type 2 imperfection with Wornax = 0.2t and h = 20t. 
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perfection, with figure 5.23 for the type 2 imperfection. It can be seen that the effects of a 
type 2 imperfection are similar to, but less severe than, the effects of a type 1 imperfection. 
In figures 5.24,5.25, and 5.26 comparisons are made with failure loads as predicted by 
the nonlinear theory using a type 5 imperfection, by the classical theory, and as measured 
in the experiments. In figure 5.24 predictions are shown for analyses where only the outer- 
most layer, or layer 1, is wavy. In figure 5.25 predictions are shown for analyses where only 
layer 2 is wavy. Figure 5.26 compares predictions where only layer 4 is wavy. As can be 
seen by comparing these figures, the failure loads due to the various failure modes are es- 
sentially the same, regardless of the location of the single imperfect layer. The failure loads 
predicted due to fiber compression failure using the nonlinear theory are slightly greater 
when the wavy layer is layer 4, near the center of the laminate, as shown by figure 5.26. 
This would indicate that adjoining perfect layers may slightly reduce the effects of an im- 
perfection on compressive strength. The failure loads due to fiber compression using the 
nonlinear theory are still considerably higher than experimentally observed failure 
strengths. The predicted failure modes due to the nonlinear theory for the analyses shown 
in all three figures, are: fiber compression failure for 0 = 0" to 15"; inplane transverse ten- 
sion for 0 = 15" to approximately 35"; inplane shear failure for 0 = 35" to approximately 
68", and; inplane transverse compression for 0 > 68". 
5.4.3 Discussion 
The analysis using partial imperfections showed the same trends as did the analyses us- 
ing full imperfections. Some types of imperfections, despite their appearance of being se- 
vere, actually had little impact on compression strength of angle-ply laminates. The type 3 
imperfection, for example, did not seem to affect compressive strength. Since the type 3 
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Figure 5.24 Comparison of nonlinear and classical predictions and experimental results 
for IM718551-7a for layer 1 imperfect with Wow = 0.2t and h = 20t. 
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for IM7/8551-7a for layer 4 imperfect with Wornax = 0.2t and h = 20t. 
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imperfection is symmetric about the mid-plane of the laminate, the imperfection does not 
induce an eccentric response. Thus, overall out-of-plane deflections of the layers were 
small. In addition, with a type 3 imperfection the imperfection amplitude decreases the 
closer the layer is to the outside. The outer-most layers were perfectly flat. These outer flat 
layers could restrain any out-of-plane instability-type behavior of the inner layers, further 
limiting loss of strength when compared to the classic case. 
The analysis using the nonlinear theory show that a type 5 imperfection introduces ec- 
centricities into the laminate. These eccentricities are due to a variation in effective stiffness 
rather than load variation. The resulting out-of-plane deflections and bending yield higher 
inplane stresses than would occur in a flat laminate. The different locations of the single 
imperfect layer do not have a significant influence on the predicted failure strength. Hence, 
it would appear that the stiffness eccentricities introduced by the imperfect layer can over- 
power the restraining effects of adjacent layers. 
For partial imperfections the predicted failure loads from the nonlinear theory are low- 
est for the type 2 imperfection. This type of imperfection produces increased bending and 
shear stresses, out-of-plane deflections on the imperfect side of the laminate, and increased 
axial stresses on the flat side of the laminate. Since the imperfect side of the laminate de- 
flects as soon as a load is applied, and the flatter portion deflects less, or not at all, the nature 
of the method used to load the laminate causes the flatter portion takes a high percentage 
of the 1oad.This induces high axial stresses in the flat portion of the laminate. The flatter 
layers therefore appear stiffer in the axial direction. 
The predicted location where each laminate would fail is the location of highest stress 
for the appropriate failure mode in that laminate. These locations are a function of failure 
mode, the type of imperfection, and the off-axis angle of the laminate in question. Consid- 
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ering failure due to fiber compression, for 8 < 25" the laminate always failed at the outer- 
most layer with the lowest imperfection amplitude. As mentioned above, this is the 'stiff- 
est' layer. Failure due to inplane transverse tension occurs in the layer with the most severe 
imperfection, or the most convex layer. However, failure due to inplane transverse tension 
occurs at either outer layer of the laminate for laminates with a type 3 imperfection. Except 
for unidirectional laminates failure due to inplane shear always occurs at the layer where 
the imperfection amplitude is greatest. For unidirectional laminates failure is predicted to 
always occurs at the outer-most flat layer. 
5.5 Summary of All Analyses 
Much has been learned about the nature of laminates with wavy-type imperfections. 
Using critical buckling half-wavelengths as imperfection lengths cause the relative severity 
of the imperfection to increase as the off-axis angle increases. The AS413502 material sys- 
tem is less sensitive to wavy imperfections than the IM7/855 1-7a material system because 
the laminate and matrix shear moduli of the AS4/3502 material system are higher than the 
corresponding shear moduli of the IM7/855 1 -7a material system. The higher shear moduli 
provide greater resistance to bending, hence the effect of a wavy imperfection is reduced. 
The analyses using the nonlinear theory indicates that both material systems have similar 
failure modes. The nonlinear theory supports the assumption that angle-ply laminates with 
off-axis angles of about 40" and greater are relatively insensitive to imperfections when 
subjected to compressive loads. 
For laminates with less severe imperfections, h 2 20t and W, < 0.2t, and off-axis angles 
less than approximately 35", the predicted failure loads due to the fiber compression and 
inplane transverse tension failure modes using the nonlinear theory correlate well with ex- 
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perimental results. The more severe levels of imperfections in the laminates, h lot, pro- 
duce failure due to interlaminar shear, using e,"" = 0.05 for IM7/8551-7a and using e,"" 
= 0.036 for AS4/3502, and due to inplane shear that are comparable to experimental results 
at off-axis angles less than 45". 
The failure loads due to the fiber compression mode and the inplane transverse tension 
mode depend more heavily on the imperfection length than on the imperfection amplitude. 
The nonlinear analyses predicted that laminates with equivalent imperfection ratios show 
approximately equivalent failure loads for the interlaminar shear mode and the inplane 
shear mode. However, inplane shear and interlaminar shear might be affected slightly more 
by variations in imperfection amplitude than by imperfection length. 
The most likely layer to fail first for a laminate with imperfections in every layer is layer 
1, the outer-most concave layer. The location of laminate failure is a function of failure 
mode, degree of imperfection severity, and off-axis angle. The location did not appear to 
be a function of material system. 
The discussion has shown that for laminates with the same level of imperfection in ev- 
ery layer (type 1 imperfection) the wavelength and wave amplitude influence the reduction 
in compression strength of a laminate compared to the strength predicted by the classical 
theory. Figures 5.27 through 5.30 graphically illustrate this concept. Figures 5.27 and 5.28 
compare the relative retained strength for the IM7/8551-7a and AS4/3502 material systems 
where the imperfection lengths are the critical buckling half-wavelengths. The relative re- 
tained strength, at a specific off-axis angle, is defined as 
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Figure 5.27 Relative retained strength of IM7/8551-7a using critical half-wavelengths as 
imperfection lengths, type 1 imperfection. 
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Figure 5.28 Relative retained strength of AS4/3502 using critical half-wavelengths as im- 
perfection lengths, type 1 imperfection. 
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where onl is the failure stress predicted using the nonlinear analysis with an imperfection. 
The quantity ocl is the failure stress predicted with classical analyses. It is very possible 
that the failure mode associated with on' may not be the same as the failure mode associ- 
ated with ocI. In the figures the open symbols have their usual meanings, the filled circles 
represent experimental results, and the different line types represent levels of imperfection 
severity. The symbols are the failure modes as predicted by the nonlinear analysis. Discon- 
tinuities or abrupt changes of the same line types indicate failure mode changes. Two sym- 
bols at the same point indicate two failure modes present at that angle. If on the same line 
the symbol changes, then the failure mode has changed also. The lowest retained strengths 
occurs at the lower off-axis ahgles. For figure 5.27 through figure 5.30 the experimental 
results show the highest retained strength after 8 = 40". Between 70" and 80" the lower re- 
tained strengths of the experimental results are due to changing failure modes, not actual 
decreases in strength. Note in figure 5.27 and 5.28 that relative retained strength of the lam- 
inate with an imperfection amplitude of 0.3 is always lower than the relative retained 
strength of the experimental result. This reinforces the conclusion that W, = 0.3, for h = 
ha, is an unrealistically severe imperfection amplitude. 
Figures 5.29 and 5.30 compare the relative retained strength that was predicted for the 
IM718551-7a and AS413502 material systems, also with a type 1 imperfection, where the 
imperfection lengths vary as well as imperfection amplitudes. For 8 < 40" the amount of 
retained strength varies considerably due to the different levels of imperfection. In figure 
5.29 the relative retained strength increases quite uniformly for 8 < 45". A similar but more 
erratic pattern can be seen in figure 5.30. In both figures the analyses using the shorter im- 
perfection lengths always resulted in the lowest retained strengths. The nonlinear 
predictions and the experimental results for IM7/855 1 -7a show lower retained strengths 
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Figure 5.29 Relative retained strength of IM7/8551-7a using varying imperfection 
lengths, type 1 imperfection. 
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Figure 5.30 Relative retained strength of AS4/3502 using varying imperfection lengths, 
type 1 imperfection. 
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than the predictions and results for AS4/3502 do at low off-axis angles. This is just another 
way to show the higher sensitivity of IM7/8551-7a to wavy imperfections. At higher off- 
axis angles all experimental results show high retained strength, except for the variations 
discussed earlier. 
These figures not only show the range of retained strength, where that range depends 
on the imperfection level, but they also show trends of imperfection sensitivity as a function 
of off-axis angle. Similar figures for a range of materials would be extremely useful in the 
design of composite structures. Since the stiffness of an angle-ply laminate is a function 
off-axis angle, the results shown in figures 5.27 through 5.30 could also be thought of as 
functions of stiffness. 
Continuing to summarize the results, several types of imperfections were discussed 
where not every layer in the laminate was imperfect. It was found that if an imperfection 
introduced stiffness eccentricities into a laminate because the imperfection was not sym- 
metric about the mid-plane of the laminate, bending, out-of-plane deflections, and shear de- 
formation tended to reduce compression strengths due to fiber compression failure, inplane 
transverse tension failure, and inplane shear failure. The type 3 imperfection, one that is 
symmetric about the midplane of a laminate, does not significantly affect compression 
strength. The location of failure in a partially wavy laminate is heavily dependent on the 
failure mode and off-axis angle. The most likely location for failure of a laminate that does 
not have imperfections in every layer is in an outer flat layer. 
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6.0 CONCLUSIONS AND FUTURE WORK 
As outlined and discussed in chapter 1, the primary objectives of the present work were 
to: 
1. Study experimentally and analytically the compression failure of angle-ply IM71 
8551-7a laminates; 
2. Enlarge upon the linear and nonlinear theories of Shuart21*22 to develop more com- 
prehensive methods for predicting compressive strength; 
3. Compare the results obtained for IM718551-7a with the results for AS413502 found 
in reference 22. 
These objectives were accomplished in the manner set forth in chapter 1. The results and 
the conclusions obtained from the present work, as a result of these objectives, are grouped 
into three major areas: 
a. Testing of Specimens. Compression tests of 42 angle-ply specimens fabricated 
from IM718551-7a were carried out. The results were compared with previously ob- 
tained experimental results for AS413502. Similarities and differences were noted 
and discussed. 
b. Modifwations and Enhancements to Previously Developed Theory. The previous- 
ly developed linear and nonlinear theories and the associated computer programs 
were reviewed. Modifications, both strictly cosmetic to the codes and analytical as 
regards to the theory, were discussed. Sample problems were presented. 
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c. Analytical Results. Parametric studies of IM7/8551-7a and AS4/3502 using the lin- 
ear and nonlinear theories were conducted, and the two material systems were com- 
pared. These studies considered the effects of wavy imperfections in every layer of 
a laminate, and wavy imperfections in only part of the layers in a laminate. 
6.1 Testing of Specimens 
The present work included experimentally observed compression strengths for angle- 
ply laminates of IM7/8551-7a. These results were discussed in chapter 2. A short-block 
compression test furture was used. This fixture had the advantages of being simple, easy to 
use, and did not seem to restrict specimens from failing due to the short-wavelength buck- 
ling mode. The test results and modes of failure fell into four major categories: 
a. Brooming, kink bands, and transverse splitting. Because of the diverse mechanisms 
present in each failed specimen this is the most difficult category to characterize. 
This category can be described as having fiber or ply-level instabilities which ag- 
gravate several types of failure mechanisms. The angle-ply laminates in this cate- 
gory range from e = Oo to approximately IO". 
b. Inplane transverse tension andor inplane shear. The failed specimens in this cate- 
gory show very distinct and reproducible failure characteristics. Each failed speci- 
men fractured with failure surfaces parallel to the fiber direction. Failure due to 
either inplane shear or inplane transverse tension produce these types of failure sur- 
faces. Angle-ply laminates in the range of 10" to 35" failed in this mode. 
c. Inplane shear with matrix softening. The tests in this category produced high axial 
strains to failure with considerable nonlinearity in their stress-strain relations. Kink- 
bands through-the-thickness and delamination of the specimens are characteristic of 
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this category. The angle-ply laminates in this category range from 8 = 35' to ap- 
proximately 70'. 
d. Inplane transverse compression. The failure mechanisms evident in this category 
are the most similar to typical compressive failure for isotropic materials. A failure 
surface across the width of the laminate and inclined at 45" to the thickness direc- 
tion characterize the failure. The angle-ply laminates in this category are for 8 > 
70'. 
Elastic properties and some laminate strengths were obtained from the data. Comparisons 
between experimentally observed values of IM7/855 1-7a and AS4/3502 show similar fail- 
ure characteristics. Using experimentally derived elastic properties and strengths, and pub- 
lished strengths to account for strengths that could not be obtained from the experiments, 
classical lamination theory and the maximum stress failure criterion were used to predict 
the failure strengths of the angle-ply specimens. Considerable differences between the 
strengths predicted using the classical theory and experimentally observed compression 
strengths were noted for 8 e 40'. Hence it was decided to investigate imperfections as a 
source of strength reduction. 
6.2 Modifications and Enhancements to Previously Developed Theory 
Linear and nonlinear theories and associated computer programs were obtained from a 
previous work.21,22 These theories were modified and enhanced in the present work. Mod- 
ifications to the linear theory consisted mainly of cosmetic, portability, and performance 
enhancements to the associated computer program. 
Modifications to the nonlinear theory included the ability to vary the amplitude of a 
wavy-type imperfection on a layer-by-layer basis. Post-processor computer programs were 
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written to so results from the nonlinear theory could be quickly and accurately analyzed. 
The fiber compression and inplane transverse tension failure modes were included in the 
present analyses using the nonlinear theory. These modes were not included in the original 
theory. 
6.3 Analytical Results 
Analyses using the nonlinear theory were conducted and the resulting compressive fail- 
ure strengths were compared with predicted compression strengths using the classical the- 
ory and experimental results. The analyses included laminates where every layer had the 
same wavy-type imperfection, and laminates where every layer in a laminate did not have 
the same imperfection. The wavy imperfection was described by an imperfection amplitude 
W, and an imperfection length h. In the group of analyses where every layer was imperfect 
the critical buckling wavelengths as obtained from the linear analysis were used as imper- 
fection lengths. The effects of several imperfection amplitudes with the critical buckling 
half-wavelengths were explored. Also in the group of analyses where every layer was im- 
perfect, other values for the imperfection lengths were explored in conjunction with two 
imperfection amplitudes. Finally, several types of imperfection and several imperfection 
levels, were used in the group of analyses where not every layer had the same imperfection, 
and not every layer was imperfect. As a side note, it was found that when the critical buck- 
ling half-wavelengths are used as the imperfection length in a laminate, the relative severity 
of the imperfection increases as the off-axis angle of the laminate increases. 
Both analytical predictions and experimental results indicate the AS4/3502 material 
system is less sensitive to imperfections than the IM7/8551-7a material system. This is 
thought to be a result of the laminate and matrix shear moduli of the AS4/3502 material sys- 
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tem being higher than the corresponding shear moduli of the IM7/855 1 -7a material system. 
For the group of analyses where every layer is imperfect, the nonlinear theory predicts 
compression failure loads that are a function of the off-axis angle, the relative severity of 
the imperfection amplitude and imperfection length, and the compressive failure mode that 
is dominant at that off-axis angle. 
The use of an imperfection ratio Ip where I, = W&, as the sole descriptor of a wavy 
imperfection can be misleading. Failure loads due to the fiber compression and inplane 
transverse tension failure modes as predicted by the nonlinear theory depend more heavily 
on imperfection length than on imperfection amplitude. Therefore laminates with equiva- 
lent imperfection ratios, but with different imperfection lengths, will result in different pre- 
dicted compression strengths due to the fiber compression and transverse tension failure 
modes. The imperfection ratio has no meaning for those failure modes. Failure loads due 
to the interlaminar shear and inplane shear modes as predicted using the nonlinear theory 
may be considered, with slight variations, functions of the imperfection ratio. The interlam- 
inar shear and inplane shear modes are just slightly more dependent on imperfection am- 
plitude than on imperfection length. Hence, laminates with equivalent imperfection ratios 
will result in roughly equivalent predicted failure loads if failure is due to the interlaminar 
or inplane shear modes. 
Analysis using the nonlinear theory with laminates having less severe imperfections, h 
2 20t and W, 5 0.2t, show that for off-axis angles less than approximately 35' compression 
strength predictions due to the fiber compression and inplane transverse tension modes 
compare well with experimental results. Conversely, analytical results from laminates hav- 
ing more severe levels of imperfection, h < 20t, indicate that for 8 s 35' compression 
strength predictions due to the interlaminar shear and the inplane shear failure modes are 
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comparable to experimentally observed compression tests. The predicted location within a 
laminate for compression failure to begin is a function of failure mode, off-axis angle, and 
relative imperfection seventy, with the most common location being the outermost concave 
layer of the laminate. 
For the group of analyses where every layer is not imperfect and every layer does not 
have the same imperfection amplitude, the nonlinear theory predicts compression strengths 
that are a function of the off-axis angle, the type of imperfection, and the failure mode. In 
the case where an imperfection is symmetric about the mid-plane of a laminate and the out- 
er layers of the laminate are flat or imperfection-free, the imperfection does not significant- 
ly reduce the compression strength of the angle-ply laminate. Flat or imperfection-free 
layers surrounding wavy-type imperfections can reduce the effects of the imperfect layers. 
Other types of partial imperfections may introduce stiffness eccentricities which can sig- 
nificantly reduce compression strength. The predicted location for compression failure to 
begin, within a laminate having partial imperfections is also a function of failure mode, off- 
axis angle, and type of imperfection. 
The nonlinear analysis in its present form can be especially useful to the composite 
structures designer in providing information on imperfection sensitivities, such as that 
found in figures 5.27 through 5.30. These figures show retained compressive strength as a 
function of imperfection level, off-axis angle, and material system. This strength retention 
is relative to the imperfection-free laminate. The nonlinear theory is also useful in compar- 
ing analogous material systems with regard to their sensitivity to wavy-type imperfections. 
The modified nonlinear theory using the maximum stress failure criterion provides much 
closer correlation with experimental results than does the classical lamination theory. 
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6.4 Correlation Between Test Results and Analytical Predictions 
The experimental results and the analytical predictions, using the nonlinear theory, fur- 
ther the understanding of compression failure of angle-ply laminates with imperfections. 
Even so, it was not possible to provide rigorous predictions of the failure strengths of the 
angle-ply laminates fabricated from IM7/855 1-7a or AS413502 because exact types and 
levels of imperfections in the specimens that were tested were not known. It is possible 
through a parametric study, such as the present work, to obtain equivalent levels of imper- 
fections in the laminates. The equivalent levels of imperfection could be used to predict the 
compressive strength of laminates with similar off-axis angles and similar material sys- 
tems. The nonlinear theory as defined in the present work, then, could be considered a pre- 
dictive tool for the analyst. It could use worst-case or statistical levels of imperfections in 
analysis. 
It is the author’s opinion that even though exacting comparisons between experimental 
results and predictions using the nonlinear theory could not be made, much was learned by 
comparing the results and the predictions. The modes and mechanisms of failure that were 
observed in the experimental results are very similar in character to the modes and mecha- 
nisms that caused failure at similar off-axis angles as predicted with the nonlinear analyses. 
The analyses indicated that the IM7/8551-7a material system is more sensitive to wavy im- 
perfections than the AS413502 material system is. Without a great deal of experience to 
draw from, this conclusion probably could not be drawn from the experimental results 
alone, although the experimental results support the conclusion. The analyses were able to 
show which types of imperfections effect laminate compressive strength the most and the 
most likely location in the laminate for failure to begin, information that is difficult to de- 
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termine experimentally without large numbers of tests. 
6.5 Recommendations for Future Work 
Though the analytical work and the experimental work provide significant insights into 
the compressive behavior of laminated composites, the limitations to the present work pro- 
vide opportunity for future research. Suggestions for future experimental work include: 
Fabrication of laminates with clearly ,defined wavy layers such that rigorous comparisons 
between experimental results and the nonlinear theory can be made. Compression tests of 
IM7/8551-7a and AS4/3502 with the off-axis angles of 25', 35', 40°, SO', 55', and 65' 
should be conducted in order to fill in the gaps of the present experimental results. Com- 
pression tests using material systems with widely varying elastic properties and lamination 
sequences should be conducted in order to better understand the relative effects these pa- 
rameters have on compression strength. Characterization of the effects that small layer vari- 
ations have on compressive strength should be made. 
Future modifications to the present nonlinear theory could include modifying the theory 
such that the thickness of a matrix-foundation varies according the relative imperfection 
amplitude in adjoining fiber-plates. The number of layers that can be analyzed in the pro- 
gram should be increased. Also, modifications that could improve the efficiency of the lin- 
ear and nonlinear computer programs should be investigated. 
Suggestions for future analysis, using the nonlinear theory, include: analyzing wavy 
laminates such as the first suggestion; i.e., exploring the capabilities of the theory with re- 
gards to laminates that do not have the same imperfection amplitude in every layer, and ev- 
ery layer is not imperfect. Also, the effects of combined compressive failure modes should 
be characterized. The relative effects that other values of imperfection amplitude, imper- 
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fection length, and imperfection ratio have on all compressive failure modes should also be 
investigated in detail. 
Finally, another mechanism, which could be important experimentally and which is dif- 
ficult to model analytically, might be considered. That is the mechanism of the specimen 
brooming, either on the ends or in the middle of the specimen, as seen in figure 2.25. In the 
range of 0" 5 8 s 10" it is possible that brooming controls the compression response. The 
brooming would most likely be a function of material properties. In particular, considering 
brooming to be due to the fibers displacing sideways when fiber ends are borne down upon, 
fiber diameter and matrix stiffness and strength would most certainly control the load levels 
at which brooming occurs. Materials with smaller diameters and softer matrix properties 
could broom more easily than materials with larger diameter fibers and stiffer matrix prop- 
erties. If brooming dominates, then compression strength could be independent of off-axis 
angle, as it is for IM7/8551-7a for 0"s 8 s 10". As a side note, the IM7 fibers are 5 mi- 
crons28 in diameter compared to 7 microns28 for AS4, and the 8551-7a matrix properties 
are softer than 3502 matrix properties. The modeling of brooming would be difficult to add 
to the present analytical model. However, brooming could well control the observed com- 
pression strength and not including it could result in erroneously assuming failure is due to 
another mode. 
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APPENDIX A: Sample Input and Output for THESLD - Linear Buckling Analysis 
SamDle inDut 
LINEAR RUN FOR TEST SPECIMENS, BY L.PEEL JUNE 17,1991 
4,8,0.OO573,.550,1.750,1 SOO,. lOO,ooOO 
21.030E+06,1.283E+06,0.7067E+06,0.360,0.506E+06,0.1852E+06,0.366 
0.138EN5 
0,.0020,0.000,100 
CASE D IM7/8551-7A [+-THETA/-+THETAIS, TEST PROPS 
30.0,-30.0,-30.0,30.0,30.0,-30.0,-30.0,30.0 
The input variables for THESLD are as follows: 
line 1: comment line 
line 2: comment line 
line 3: ICASE, NL,TK,VF,XAXBXLAM,WO 
line 4: THETA(l),THETA(2) ,...., THETA(NL) 
line6: TAUMAX 
line 7: IG,XINC,XINIT,"T 
line 5: FP(1 ).FP(2).Fp(3).Fp(4)XxMp(I )XxMp(2)mR3) 
The input variables are defined as 
ICASE: 
NL: Number of layers. (integer) 
TK. Layer thickness. (floating point) 
VF: Fiber volume fraction. (floating point) 
XA, XB: Length (x direction) and width (y direction) of specimen. (floating point) 
XLAM: Initial guess of half-wavelength for THESLD, actual half-wavelength for THESNS. (floating) 
wo: Not used in THESLD, amplitude of initial imperfection. (floating point) 
THETA@: Ply orientation of the ith layer, degrees. (floating point) 
FP(1-4): Fiber-plate lamina properties; El 1, E22, G12, V12. (floating point) 
XMP( 1-3): Matrix-foundation properties; E, G, V. (floating point) 
TAUMAX: Shear strength of composite material system. (floating point) 
IG: 
XINC: 
XINIT: 
NPT: 
Options for analysis as outline in section 4.1.2 where A=l, B=2, C=3, and D=4. (integer) 
Plotting flag; =0, no plotting; =1, results stored in file as columns of x and y data. (integer) 
Increments for half-wavelength. (floating point) 
Initial value when plotting half-wavelength versus buckling strain. (floating point) 
Number of points plotted. (integer) 
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Sample output 
LINEAR RUN FOR TEST SPECIMENS, BY L. PEEL JUNE 17,1991 
CASE D IM7/8551-7A [+-"HETN-+THETA]S, TEST PROPS 
** INPUT DATA ** 
NUMBER OF PLIES = 8 
PLY THICKNESS = 0.00573 
FIBER VOLUME FRACTION = 0.550 
PLATE LENGTH, A = 1.7500 PLATE WIDTH, B = 1.5000 
STACKING SEQUENCE: 
30.0 -30.0 -30.0 30.0 30.0 -30.0 -30.0 30.0 
CONSTITUENT MATERIAL PROPERTIES: 
FIBER-PLATE MATRIX-FOUNDATION 
El l  = 0.2103E+08 E = 0.5060E+06 
E22 = 0.1283E+07 G = 0.1852E+06 
G12 = 0.7067E+06 NU= 0.366OE+OO 
W 1 2 =  0.360 
CASE D: 
ALL LAYERS ANISOTROPIC 
DIFFERENT LAYERS 
PERFECT PLATE 
INPUT BUCKLING WAVELENGTH = 0.1ooOO 
AMPLITUDE OF INITIAL IMPERFECTION = 0.00000 
MATRIX SHEAR STRENGTH, TAU-MAX = 0.1380E+05 
** OUTPUT DATA ** 
REDUCED STIFFNESSES: 
Q11= 0.2120E+08 Q12 = 0.4656E+06 
422 = 0.1293E+07 466 = 0.7067E+06 
A-MATRIX: 
0.583E+06 0.182E+06 O.OOOE+OO 
0.182E+06 0.126E46 O.OOOE+OO 
O.OOOE+OO 0.000E+OO 0.193E+06 
*AVERAGE LAMINATE MATERIAL PROPERTIES* 
LONGITUDINAL YOUNGS MODULUS = 0.6969187E+07 
TRANSVERSE YOUNGS MODULUS = 0.1511780E+07 
SHEAR MODULUS 
POISSONS RATIO. XY = 1.443 
= 0.42 19 120E+07 
LAMINA STRESSES AT TAU-MAX 
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APPENDIX B: Sample Input and Output for THESNS - Nonlinear Analysis 
Sample Input 
VERIFICATION OF EXPERIMENTAL RESULTS W/ NONLINEAR PROGRAM 1/3/91 L. PEEL 
4 8 0.00573 0.55 1.7540 1.505 0.11460 
0.000573 0.000573 0.000573 0.000573 0.000573 0.000573 0.000573 0.000573 
21.030E+06 1.283E46 0.707E+06 0.360 0.506E46 0.185E+06 0.366 
0.172E45 
0.02500 4 
0.36 0.0032 0.38 0.0025 0.40 0.0027 0.42 0.0029 
IM7/8551-7A [+-30/-+3O]S ~0=.000573(.lt) lambda=.ll460 (20t) 
30.0 -30.0 -30.0 30.0 30.0 -30.0 -30.0 30.0 
The input variables for THESNS are as follows: 
line 1: 
line 2: 
line 3: 
line 4: 
line 5:  
line 6: 
line 7: 
line 8: 
line 9: 
comment line 
comment line 
ICASE NL TK VF XA XB XLAM 
WO(1) WO(2) .... WO(NL) 
THETA(1) THETA(2) .... THETAW) 
FP(1) FP(2) FP(3) FP(4) XMP(1) XMP(2) XMP(3) 
T A W  
UOACR NLC 
PCT(i) AMP(i), i=l, NLC 
The input variables are defined as 
ICASE: 
NL: Number of layers. (integer) 
T K  Layer thickness. (floating point) 
VF: Fiber volume fraction. (floating point) 
XA, XB: Length (x dir.) and width (y dir.) of specimen. (floating point) 
XLAM. Initial guess of half-wavelength for THESLD, actual half-wavelength for THESNS. (floating) 
WO(i): Amplitude of initial imperfection of each layer. (floating point) 
THETAO): Ply orientation of the ith layer, degrees. (floating point) 
FP(1-4): Fiber-plate lamina properties; El l ,  E22, G12, V12. (floating point) 
XMP(1-3): Matrix-foundation properties; E, G, V. (floating point) 
TAUMAX: Shear strength of composite material system. (floating point) 
UOACR: Critical strain when short-wavelength buckling occurs, obtained from THESLD. (floating point) 
NLC: Number of load steps to be solved. (integer) 
Options for analysis as outlined in section 4.1.2, for example, to use option D, use D=4. (integer) 
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PLY= 1 THETA= 30. 
SIG, Y = 0.0000Ei-00 
SIG, X = -0.6433E+05 SIG, 1 = -0.7259Ei-05 
SIG, 2 = 0.8261E+04 
TAU, XY = -0.2811E+05 TAU, 12 = 0.1380E+05 
APPLIED AXIAL STRAIN = -0.923OE-02 * 
* 
* 
NUMBER OF ITERATIONS = 5 
* 
* 
* 
** LAMINATE FAILURE ** 
CRITICAL WAVELENGTH = 0.13600D+00 
MODE= 1 
EIGENVALUE = -0.52529D-01 AVERAGE LAMINATE STRESS = -0.36609D+06 
EIGENVECTOR (COMPLEX* 16 FORM): 
0.1000000D+01 I 0.0000000D+00 -0.2067975D-02 I 0.0000000D+00 
* 
* 
* 
0.2108868D-04 I 0.0000000D+00 -0.3704000D-04 I 0.0000000D+00 
NO PLOTTING ATTEMPTED 
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Load Step 
1 
2 
3 
4 
PCT(i): 
AMP(i): 
Percentage of critical strain for ith load step. (floating point) 
Initial guess at maximum w defection for ith load step. 
Fiber Stress (ksi) Shear Stress (ksi) yxz Shear Strain 
-1 10.9 -15.09 0.00722 
-1 17.5 -15.95 0.0077 1 
- 124.2 -16.82 0.00821 
-131.0 -17.68 0.00873 
**** Please note that input for THESNS is formatted, look at the READ statements in THESNS for prop- 
er format. 
Selected numbers from samde outnut 
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